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Abstract. We say that a subring Ro of a ring R is semi-invariant if Ro is 
the ring of invariants in R under some set of ring endomorphisms of some ring 
containing R. We show that Ro is semi-invariant if and only if there is a ring 
SDR and a set X C S such that Ro = Cent r(X) := {r £ R : xr = rx \/x £ 
X}; in particular, centralizers of subsets of R are semi-invariant subrings. 

We prove that a semi-invariant subring Ro of a semiprimary (resp. right per- 
fect) ring R is again semiprimary (resp. right perfect) and satisfies Jac(JJo)" C 
Jac(iJ) for some n £ N. This result holds for other families of semiperfect 
rings, but the semiperfect analogue fails in general. In order to overcome this, 
we specialize to Hausdorff linearly topologized rings and consider topologically 
semi-invariant subrings. This enables us to show that any topologically semi- 
invariant subring (e.g. a centralizer of a subset) of a semiperfect ring that can 
be endowed with a "good" topology (e.g. an inverse limit of semiprimary rings) 
is semiperfect. 

Among the applications: (1) The center of a semiprimary (resp. right per- 
fect) ring is semiprimary (resp. right perfect). (2) If M is a finitely presented 
module over a "good" semiperfect ring (e.g. an inverse limit of semiprimary 
rings), then End(Af) is semiperfect, hence M has a Krull-Schmidt decomposi- 
tion. (This generalizes results of Bjork and Rowen; see [5], 1241 , I23| .) (3) If p is 
a representation of a monoid or a ring over a module with a "good" semiperfect 
endomorphism ring (in the sense of (2)), then p has a Krull-Schmidt decompo- 
sition. (4) If S is a "good" commutative semiperfect ring and R is an S-algebra 
that is f.p. as an S-module, then R is semiperfect. (5) Let R C S be rings and 
let M be a right S-module. If End(Af^) is semiprimary (resp. right perfect), 
then End(Mg) is semiprimary (resp. right perfect). 

1. Preface 

Throughout, all rings are assumed to have a unity and ring homomorphisms 
are required to preserve it. Subrings are assumed to have the same unity as the 
ring containing them. Given a ring R, denote its set of invertible elements by R x , 
its Jacobson radical by Jac(i?), its set of idempotents by E(i?) and its center by 
Cent(i?). We let End(i?) (resp. Aut(i?)) denote the set of ring homomorphisms 
(resp. isomorphisms) from R to itself. If X C R is any set, then its right (left) 
annihilator in R will be denoted by aim r R X (ann^X). The subscript R will be 
dropped when understood from the context. A semisimple ring always means a 
semisimple artinian ring. For a prime number p, we let Z p , Q p and Z^ denote 
the p-adic integers, p-adic numbers and Z localized (but not completed) at pZ, 
respectively. 

Let R be a ring and let J = Jac(i?). Recall that R is semilocal if R/J is 
semisimple. If in addition J is idempotent lifting, then R is called semiperfect. For a 
detailed discussion about semiperfect rings, see [UJ §2-7] and [I]. Semiperfect rings 
play an important role in representation theory and module theory because of the 
Krull-Schmidt Theorem. Recall that an object A in an additive category g/ is said 
to have a Krull-Schmidt decomposition if it is a sum of (non-zero) indecomposable 
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objects and any two such decompositions are the same up to isomorphism and 
reordering. 

Theorem 1.1. (Krull-Schmidt, for Categories). Lets/ be an additive category 
in which all idempotents split (e.g. an abelian category) and let A € srf . //End^(^4) 
is semiperfect, then A has a Krull-Schmidt decomposition and the endomorphism 
ring of any indecomposable summand of A is local. 

Generalizations of this theorem and counterexamples of some natural variations 
are widely studied (e.g. see [E],[3],[I],[T2] and also [TT]) and there has been con- 
siderable interest in finding rings over which all finitely presented modules have a 
Krull-Schmidt decomposition (e.g. [25] §6], 0, [23], [21], [3D]; theorem HS^iii) below 
generalizes all these references except the last). 

Example 1.2. Semiperfect rings naturally appear upon taking completions: 

(1) Let R be a semilocal ring and let J = Jac(i?). Then the J-adic completion 
of R, l^im {R/ J"}„gM, is well known to be semiperfect. If the natural map 
R — » hun {R/ J™}„ 6 n is an isomorphism, then R is called complete semilocal. 
Such rings (especially noetherian or with Jacobson radical f. g. as a right 
ideal) appear in various areas (e.g. [TS], [S], [25] §6], [23]). 

(2) Let R be a commutative noetherian domain, let A be an i?-algebra that is 
finitely generated as an i?-module and let P £ Spec(i?). Then the comple- 
tion of A at P is semiperfect (and noetherian). (See [2D] §6]; This assertion 
can also be shown using the results of this paper.) 

Let R be any ring and let Rq C R be a subring. 

(a) Call Rq a semi-invariant subring if there is a ring S 3 R and a set E C 
End(S) such that Rq = i? s := {r e R : <r(r) = r Vcr e £} (elements of E 
are not required to be injective nor surjective). The invariant subrings of 
R are the subrings for which we can choose S = R. 

(b) Call Rq a semi-centralizer subring if there is a ring S D R and a set ICS 
such that Rq — Centn(X) := {r 6 R : rx = xr Vx <E X}. If we can choose 
S = R, then Rq is a centralizer subring. 

(c) Recall that Rq is rationally closed in R if R x n Rq = Rq . That is, elements 
of Rq that are invertible in R are also invertible in Rq. 

Semi-centralizer and semi-invariant subrings are clearly rationally closed. The latter 
were studied (for semilocal R) in [S] and invariant subrings (w.r.t. an arbitrary set) 
were considered in [5]- However, the notion of semi- invariant subrings appears to 
be new. 

The purpose of this paper is to study semi-invariant subrings of semiperfect rings 
where our motivation comes from the Krull-Schmidt theorem and the following 
observations, verified in sections [3] 

(1) For any ring R, a subring of R is semi- invariant if and only if it is semi- 
centralizer. In particular, all centralizers of subsets of R are semi-invariant 
subrings. 

(2) If R C S are rings and M is a right ^-module, then End(Ms) is a semi- 
invariant subring of End(M^). 

(3) If M is a finitely presented right i?-module, then End(M/{) is a quotient of 
a semi- invariant subring of M„(i?) x M TO (i?) for some n,m. 

While in general semi-invariant subrings of semiperfect rings need not be semiper- 
fect (see Examples I6.HI6731 below), we show that this is true for special families of 
semiperfect rings, e.g. for semiprimary and right perfect rings (Theorem 14.61 see 
Section [2J for definitions) . In addition, if the ring in question is pro -semiprimary, 
i.e. an inverse limit of semiprimary rings (e.g. the rings of Example II .2[) . then its 
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topologically semi-invariant subrings (e.g. centralizer subrings; see Section[5]for def- 
inition) are semiperfect. This actually holds under milder assumptions regarding 
whether the ring can be endowed with a "good" topology; see Theorems 15.101 and 

Em 

Our results together with the previous observations and the Krull-Schmidt The- 
orem lead to numerous applications including: 

(1) The center and any maximal commutative subring of a semiprimary (resp. 
right perfect, semiperfect and pro-semiprimary) ring is semiprimary (resp. 
right perfect, etc.). 

(2) If R is a semiperfect pro-semiprimary ring, then all f.p. modules over R 
have a semiperfect endomorphism ring and hence admit a Krull-Schmidt 
decomposition. If moreover R is right noetherian, then the endomorphism 
ring of a f.g. right i?-modules is pro-semiprimary. (This generalizes Swan 
( [2"51 §6]), Bjork ([5]) and Rowen ([53], [H]) an d also relates to works of 
Vamos ([30]), Facchini and Herbera ([13]); see Remark l8.4l for more details.) 

(3) If S is a commutative semiperfect pro-semiprimary ring and R is an S- 
algebra that is Hausdorff (see Section [5]) and f.p. as an ^-module, then R 
is semiperfect. If moreover S is noetherian, then the Hausdorff assumption 
is superfluous and R is pro-semiprimary, hence the assertions of (2) apply. 
(The first statement is known to hold under mild assumptions for Henselian 
rings; see [30l Lm. 12].) 

(4) If p is a representation of a ring or a monoid over a module with a semiper- 
fect pro-semiprimary endomorphism ring, then p has a Krull-Schmidt de- 
composition. 

(5) Let R C S be rings and let M be a right S'-module. If End(M^) is semipri- 
mary (resp. right perfect), then so is End(Mg). In particular, M has a 
Krull-Schmidt decomposition over S. (Compare with 13, Pr. 2.7].) 

Additional applications concern bilinear forms and getting a "Jordan Decomposi- 
tion" for endomorphisms of modules with semiperfect pro-semiprimary endomor- 
phism ring. We also conjecture that (3) holds for non-commutative S under mild 
assumptions (see Section fTUj) . 

Other interesting byproducts of our work are the fact that a pro-semiprimary 
ring is an inverse limit of some of its semiprimary quotients and Theorem 19.61 
below. (The former assertion fails once replacing semiprimary with right artinian; 
see Example 19.111 and the comment before it.) 

Remark 1.3. It is still open whether all semiperfect pro-semiprimary rings are 
complete semilocal. However, this is true for noetherian rings; see Section [SJ 

Section [2] recites some definitions and well-known facts. Section [3] presents the 
basics of semi-invariant subrings; we present five equivalent characterizations of 
them and show that they naturally appear in various situations. As all our char- 
acterizations use the existence of some ambient ring, we ask whether there is a 
definition avoiding this. In Section we prove that various ring properties pass to 
semi-invariant subrings, e.g. being semiprimary and being right perfect. Section [5] 
develops the theory of T-semi-invariant subrings. The discussion leads to a proof 
that several properties, such as being pro-semiprimary and semiperfect, are inher- 
ited by T-semi-invariant subrings. Section [5] presents counterexamples. We show 
that semi-invariant subrings of semiperfect rings need not be semiperfect, even when 
the ambient ring is pro-semiprimary. In addition, we show that in general none of 
the properties discussed in sections 0] and [5] pass to rationally closed subrings. The 
latter implies that there are non-semi-invariant rationally closed subrings. In sec- 
tions [7] and [5] we present applications of our results (most applications were briefly 
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described above) and in Section [5] we specialize them to strictly pro-right- artinian 
rings (e.g. noetherian pro-semiprimary rings), which are better behaved. Section [TU1 
describes some issues that are still open. The appendix is concerned with providing 
conditions implying that the topologies {t„ }%Li defined at Section [8] coincide. 

2. Preliminaries 

This section recalls some definitions and known facts that will be used throughout 
the paper. Some of the less known facts include proofs for sake of completion. If 
no reference is specified, proofs can be found at [25], [I] or [TS] , 

Let R be a semilocal ring. The ring R is called semiprimary (right perfect) if 
Jac(i?) is nilpotent (right T-nilpoteno). Since any nil ideal is idempotent lifting, 
right perfect rings are clearly semiperfect. 

Proposition 2.1. (Bass' Theorem P, partial). Let R be a ring. Then R is 
right perfect every right R-module has a projective cover R has DCC 

on principal left ideals. 

Proposition 2.2. Let R be a ring. Then R is semiperfect every right 

(left) f.g. R-module has a projective cover there are orthogonal idempotents 

ei, . . . ,e r € R such that X)j=i e i — 1 an d ZiRe-i is local for all i. 

For the next lemma, and also for later usage, let us set some conventions about 
inverse limits of rings: By saying that {Ri, fij} is an inverse system of rings indexed 
by /, we mean that: (1) / is a directed set (i.e. a partially ordered set such that for 
all t,j 6 / there is k € / with i,j < k), (2) Ri (i 6 J) are rings and fij : Rj — > Ri 
(i < j) are rm g homomorphisms and (3) fa — id^ and fijfjk — fik f° r sRi < j < k 
in /. When the maps {fij} are obvious or of little interest, we will drop them from 
the notation, writing only {Ri}i e i. The inverse limit of {Ri, fij} will be denoted 
by ]^m{Ri}i e i. It can be understood as the set of /-tuples (di)iei G Yiiei ^ such 
that fijipbj) = a-i for all i < J in /. 

Lemma 2.3. Let {Ri, fij} be an inverse system of rings and let R = ^im {Rj}. 
Denote by fi the standard map from R to Ri . Then: 

(i) For all n G N, ]pn{M n (R t )} teI = M n {]^m{R t }) = M n {R). 

(ii) For all e € E(i?) 7 ^im {eiRjei}i<=i = eRe where ei = fi(e). 

Proof. This is straightforward. □ 

Proposition 2.4. (i) Being semiprimary (resp. right perfect, semiperfect, semilo- 
cal, pro-semiprimary) is preserved under Morita equivalence. 

(ii) Let R be a ring and e G End(i?). Then R is semiprimary (resp. right perfect, 
semiperfect, semilocal) if and only if eRe and (1 — e)R(l — e) are. 

Proof. All statements regarding semiprimary, right perfect, semiperfect and semilo- 
cal rings are well known. The other statements follow from Lemma 12.31 □ 

Part (ii) of Proposition ^. 4l does not hold for pro-semiprimary rings. For instance, 
take R — {[Jj] | a, b e Z p , v e 0°^ Z p } (where Z p are the p-adic integers) and 
let e be the matrix unit en. 

Theorem 2.5. (Levitski). Let R be a right noetherian ring. Then any nil subring 
of R is nilpotent. 



An ideal I < R is right T-nilpotent if for any sequence xi, X2, X3, — S I, the sequence 
Xi, X3i2^l, ■ • • eventually vanishes. 
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Let R be a ring. An element a € R is called right ir-regular (in R) if the right 
ideal chain aR D a 2 R D a 3 R D . . . stabilize^ If a is both left and right 7r-regular 
we will say it is 7r-regular. A ring that all of its elements are right 7r-regular is called 
ir-regular. It was shown by Dischinger in [10] that the latter property is actually 
left-right symmetric. 

Since 7r-regularity is not preserved under Morita equivalence (see |26|). it is 
convenient to introduce the following notion: A ring R is called Tr^-regula^ if 
M n (R) is 7r-regular for all n. 

Proposition 2.6. (i) Let R be a ir-regular (it ^-regular) ring and e <E E(i?). Then 
eRe is tt -regular (Voo -regular). 

(ii) tTqq - regularity is preserved under Morita equivalence. 

Proof, (i) Assume R is 7r-regular, let e € R and let a = eae € eRe. By definition, 
there is b € R and n £ N such that a n = a n+1 b. Multiplying by e on the right we 
get a n — a n+1 ebe, hence a n (eRe) — a n+1 (eRe). 

Assume R is Tr^-regular and let e € R. Let I denote identity matrix in M„(i?). 
Then (eI)M n (R)(eI) = M n (eRe). By the previous argument, the left-hand side is 
7r-regular, hence we are through. 

(ii) We only need to check that M n (R) is Tr^-regular for all n 6 N, which is 
obvious from the definition, and that eRe is Tr^-regular, which follows from (i). □ 

Proposition 2.7. Let R be a ring and let N denote its prime radical (i.e. the 
intersection of all prime ideals). Then R is ~k -regular (t:^- regular) if and only if 
R/N is. 

Proof. See [23 §2.7]. (The argument is easily generalized to Tr^-regular rings.) □ 

Remark 2.8. Any PI semilocal ring with nil Jacobson radical is Tr^-regular (see 
[23L Apx.]). However, there are semilocal rings with nil Jacobson radical that are 
not 7r-regular, see [26] . 

Remark 2.9. We have the following implications: 

right artinian semiprimary => left/right perfect Tr^-regular ==> 7r-regular 

However, all these notions coincide for right noetherian rings. Indeed, assume R 
is 7r-regular and right noetherian and let J = Jac(i?). Then J is nil (see Lemma 
I4.4f i)). hence Theorem [23] implies J n = for some n £ N. By Lemma l4T4T ii'l below, 
R is semiperfect and in particular R/ J is semisimple. As R is right noetherian, the 
right Rj J-modules {J i_1 /J l }™ =1 are f.g., hence their length as right i?-modules is 
finite. It follows that Rr has a finite length, so R is right artinian. 

Throughout, we will use implicitly the next lemma. Notice that it implies that 
being semiprimary (resp. right perfect, semiperfect, semilocal) passes to quotients. 

Lemma 2.10. Let R be a semilocal ring. Then any surjective ring homomorphism 
ip : R — > S satisfies (p(J&e(R)) = Jac(S*). 

Proof. (p(J&c(R)) is an ideal of <p(R) — S and 1 + ip(J&c(R)) = (f(l + Jac(i?)) C 
ip(R x ) C S x , hence ip(3ac(R)) C Jac(5). On the other hand, S/cp(J&c(R)) is a 
quotient of Rj Jac(i?) which is semisimple. Therefore, S/ip(3ac(R)) is semisimple, 
implying (p(J&c(R)) 2 Jac(5). □ 



This notion of 7r-regularity is sometimes called strong 7r-regularity. 
This property is sometimes called completely 7r-regular. 
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3. Semi-Invariant Subrings 

This section presents the basic properties of semi-invariant subrings. We begin 
by showing that for any ring the semi-invariant subrings are precisely the semi- 
centralizer subrings. 

Proposition 3.1. Let Rq C R be rings. The following are eguivalent: 

(a) There is a ring S 3 R and a set £ C End(S') such that Rq = 

(b) There is a ring S 3 R and a subset X C S such that Rq = Centn(X). 

(c) There is a ring S 3 R and a E Aut(S') such that a 2 = id and 

(d) There is a ring S 3 R and an inner automorphism a G Aut(S') such that 
a 2 = id and R Q = flW. 

(c) There are rings and ring homomorphisms ip\ , ip 1 ^ : R — > Si such 

that R Q = {reR: ip^ (r) = ^ (2) (r), Vi 6 I}. 

Note that condition (e) implies that the family of semi-invariant subrings is 
closed under intersection. 



Proof. We prove (a)=4>(e)=>(c)=>(d)=>(b)=>(a). 

(a)=>(e): Take I = £ and define S^ = S, ip^ — a and ip^ = id_R. 

(e)=>(c): Let {Si, ip^, i>i^}iei be given. Without loss of generality we may 
assume that there is io G I such that Si = R and = ip^ 1 = id/?. Define 
S = ri(j j)eix{i 2} Sij where Sij = Sj and let : R ! — » S be given by 



*(r) = (4 j) (r)) eS. 
V 7 i,i E; X (i,21 



{i,j)eix{i,2} 

The existence of io above implies ^ is injective. Let a G Aut(S) be the automor- 
phism exchanging the (i, 1) and (i, 2) components of S for all i € I. Then one easily 
checks that a 2 = id and ^(R)^ = V(R ). We finish by identifying R with 

(c) =>(d): Let 5 1 , <r be given and let S' = S[x;a) denote the ring of er-twisted 
polynomials with (left) coefficients in S. Observe that (x 2 — 1) G Cent (5') (since 
<7 2 = id), hence S" := S' / (x 2 — l) is a free left S-module with basis {1,5;} (where 
a is the image of a £ S" in S"). Let r G Aut(5") be conjugation by Then r 2 = id 
and R^ = {r G R : xr = fx) = {r G R ; a(r) = r} = = R . 

(d) =>(b): This is a clear. 

(b)=>(a): Let S, X be given. Let S' — S((t)) be the ring of formal Laurent series 
T^=k a nt n e ^) w ith coefficients in S. The elements of S' commuting with X 
are precisely the elements that commute with t^ 1 + X (as t^ 1 is central in S'). 
However, it is easily seen that all elements in t^ 1 + X are invertible. For all x G X, 
let o~ x G End(S") be the inner automorphism of S' given by conjugation with t 



-l 



■x 



and let £ = {a x \ x G X}. Then R s = Center 1 + X) = Cent R (X) = i? . □ 

Corollary 3.2. Let _R, W be rings and let ip : R — > W be a ring homomorphism. 
Assume Wo C W is a semi-invariant subring of W . Then ip (Wo) is a semi- 
invariant subring of R. 

Proof. By Proposition I3.1f e). there are rings {Si}i^i and ring homomorphisms 
VA (1) ,W 2) : W -> Si such that W = {r G R : ^(r) = ^(r) Vi G I}. Define 
pin) = ^(n) Q ^ and nQte that p-l^o) = {r € R : <p(r) G VK } = {r e R : 

V-fVW = VW V^ G 7} = {r G R : ^| 1} (r) = ^ (2) (r) Vi G /}. □ 

The equivalent conditions of Proposition 13.11 require the existence of some am- 
bient ring. This leads to the following question: 

Question 1. Is there an intrinsic definition of semi-invariant subrings? 
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Informally, we ask for a definition that would make it easy to show that a given 
subring is not semi-invariant. 

The next proposition is useful for producing examples of semi-invariant subrings. 

Proposition 3.3. Let R C S be rings and let K be a central subfield of S. Then 
RD K is a semi-invariant subring of R. 

Proof. Let S' = S®kS and define <pi,<f2 ■ S — > S' by ^i(s) = s® 1 and f2(s) = 1® 
s. As if is a central subfield, it is easy to check that {s £ S : <pi(s) — ^a(s)} = K, 
hence {s £ i? : ^i(s) = ^(s)} = RC\ K. We are done by Proposition 13. 1 f c) . □ 

Corollary 3.4. Le£ K be a field. Then the semi-invariant subrings of K are 
precisely its subfields. 

Proof. Any semi-invariant subring RC K satisfies R x — RD K x = R \ {0}, hence 
it is a field. The converse follows from the last proposition. □ 

Remark 3.5. If K/L is an algebraic field extension, then L is an invariant subring 
of K if and only if K/L is Galois. 

We finish this section by introducing two cases where semi-invariant subrings 
naturally appear. 

Proposition 3.6. Let R C S be rings and let M be a right S-module. Then 
End (Ms) is a semi-invariant subring o/End(M#)Q 

Proof. There is a ring homomorphism ip : S° p —> End(Mz) given by ip(s op )(m) = 
ms for all m £ M. It is straightforward to check that End(Mg) = CentE n d(M z ) (hn ip) . 
As End(Ms) C End(Mn), it follows that End(Ms) = Cent End ( Mj? )(im<p), hence 
End(Mg) is a semi-centralizer subring of End(M^). □ 

Proposition 3.7. Let srf be an abelian category and let A ^> B A C — > be 

an exact sequence in si such that for any c £ End(C) there are b € End(fl) and 
a £ End(A) with eg — gb and bf — fa (e.g.: if both A and B are projective, or if 
B is projective and f is injective). Then End(C) is isomorphic to a quotient of: 

(i) A semi-invariant subring o/End(A) x End(S). 

(ii) An invariant and a centralizer subring o/End(A © provided f is injec- 
tive. 

Proof. Let Bq = im / = ker g. Define R to be the subring of End(B) consisting of 
maps b <E End(.B) for which there is a € End(^4) with bf — fa. Then for all b € R, 
b(Bo) — fe(im/) = im(/et) C im/ = Bq. Therefore, there is unique c E End(C) 
such that eg — gb. The map sending b to c is easily seen to be a ring homomorphism 
from R to End(C) and the assumptions imply it is onto. Therefore, End(C) is a 
quotient of R. 

Let S — End(^4 © B). We represent elements of S as matrices [%w\ with 
x e End(A),y E Rom(B,A),z G Rom(A,B),w e End(B). Let D denote the 
diagonal matrices in S (i.e. End(A) x End(S)) and let W = Cents([° £]). Then 
for a G End (A) and b G End(B), fa = bf if and only if [gg] G W. Define a 
ring homomorphism (p : D —> End(_B) by y]) — V- Then ^(Centn([g q])) — 
ip(D n W) — R. It follows that End(C) is a quotient of R, which is a quotient of 
D n W, which is a semi-centralizer subring of D — End(^4) x End(B). This settles 
(i). To see (ii), notice that if / is injective, then W consists of upper-triangular 
matrices, hence ip can be extended to W, which is a centralizer and an invariant 
subring of S since W = Cent 5 ([J {]) and G S x . □ 



This proposition is a refinement of |13l Pr. 2.7], which asserts that under the same assumptions 
End(Mg) is a rationally closed subring of End(M^). 
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4. Properties Inherited by Semi-Invariant Subrings 

In this section we prove that being semiprimary (right perfect, semiperfect and 
7i"oo -regular, semiperfect and 7r-regular) passes to semi-invariant subrings. We also 
present a supplementary result for algebras. 

Our first step is introducing an equivalent condition for 7r-regularity of elements 
of a ring. 

Lemma 4.1. Let R be a ring and let a € R be a tt -regular element. Define: 
A = nZia k R, B = \JZ 1 ^n r a k , 

a' = nr=i Rak > b ' = ur=i ^ ak - 

Then there is e € E(i?) such that A = eR, B = fR, A' = Re and B' — Rf where 
f := 1 - e. In particular, Rr — A® B and R R = A' ® B' . 

Proof. Let n G N be such that a n R = a k R and Ra n = Ra k for all k > n. Notice 
that this implies ann r a n = ann r a k and a,nn e a n = ann r a k for all k > n. 

We begin by showing Rr = A® B. That rR — A' © B' follows by symmetry. 
The argument is similar to the proof of Fitting's Lemma (see [UJ §2-9]): Let r G R. 
Then a n r g a"i? = a 2n R, hence there is s G R with a'Y = a 2 "s. Observe that 
a n (r — a n s) = and a n s G a n R, so r — a n s + (r — a"s) e A + B. Now suppose 
r € A n B. Then r = a n s for some s G R. However, r E B = ann r a n implies 
s G ann r a 2n = ann r a n , so r = a n s = 0. 

Since i?/? = A i? there is e e i? such that e E A and f := 1 — e £ B. 
It is well known that in this case e 2 — e, A = eR and B = fR. This implies 
B' = ann £ a™ = ann £ a n R — ann £ ei? = Rf and A' = i?a" C ann^ ann r Ra n — 
ann f ann r a™ = ann^ fR — Re. As = A' £?' = i?e © i?/, we must have have 
A 1 = Re. □ 

Proposition 4.2. Let R be a ring and a *E R. Then a is n-regular <^=> there is 
e G E(i?) suc/i £/ia£ 

(A) a = eae + faf where f := 1 — e. 

(B) eae is invertible in eRe. 

(C) /a/ is nilpotent. 

In this case, the idempotent e is uniquely determined by a. 

Proof. Assume a is 7r-regular and let e, /, A, B, A' , B' , n be as in Lemma |4~T1 Then 
ae G aeR — aA — a(a n R) = a n+1 R = A = eR and af G aB = aanii r a" C 
ann r a™ = B = fR. Therefore, ae = eae and af = faf, hence a — ae + af = 
eae + faf. This implies a k = (eae) k + {faf) k for all k G N. As a™ G ei?, we have 
a n = ea n , hence (eae)" + (/a/)" = a™ = e(eae)™ + e(/a/) n = (eae)" which implies 
(f a f) n = 0. In particular, for all k > n, a k — (eae) k + (faf) k — (eae) k . Since 
e G a n R, there is a; G R such that e = a n x = (eae) n x. Multiplying by e on the right 
yields e = (eae)((eae) n ~ 1 xe), hence eae is right invertible in eRe. By symmetry 
eae is left also left invertible in eRe, hence we conclude that e satisfies (A)-(C). 

Now assume there is e G E(i?) satisfying (A)-(C) and let b be the inverse of 
a in eRe. Then a k = (eae) fe + {faf) k for all fc G N. Condition (C) now implies 
there is n G N such that a k = (eae) k for all fc > n. Therefore, for all k > n, 
a n = (eae)" = (eae) k b k ~ n = a k b k ~ n G a k R implying a n R — a k R. By symmetry, 
Ra n = Ra k for all k > n, so a is 7r-regular. 

Finally, assume that e, e' G E(i?) satisfy conditions (A)-(C) and let / = 1 — e, 
/' = X — e'. By the previous paragraph a is 7r-regular, hence Lemma 14.11 implies 
R = A © B where A = f]^ =1 a k R and B = \J™ =1 ami'' a k R. Let b be the inverse of 
eae in ei?e and let n G N be such that {faf) n = 0. Then e = (eae) k b k — a k b k G a fc i?, 
for all k > n, hence e £ A, and a"/ = (eae)"/ = 0, hence / G B. Similarly, e' G A 
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and /' € B. It follows that e,e' € A and /, /' £ B. Since l = e + f = e' + f and 
i? = A © _B, we must have e = e'. □ 

Let R, a be as in Proposition 14.21 Henceforth, we call the unique idempotent e 
satisfying conditions (A)-(C) the associated idempotent of a (in R). 

Corollary 4.3. (i) Let R be a ring, Rq C R a semi-invariant subring and let 
a £ Rq be it -regular in R. Then a is ir -regular in Rq. 

(ii) A semi-invariant subring of a ir-regular (ir ^-regular) ring is ir-regular (tToo- 
regular). 

Proof, (i) Let S 2 R and £ C End(S) be such that R Q = i? s and let a £ R be 
7r-regular in R. Let e be the associated idempotent of a in R. Then e is clearly 
the associated idempotent of a in S (hence a is 7r-regular in S). However, it is 
straightforward to check that cr(e) satisfies conditions (A)-(C) (in S) for all a £ £ 
(since a(a) = a), so the uniqueness of e forces e e 5 s n R = i? s = Rq. Therefore, 
a is 7T- regular in Rq. 

(ii) The ir- regular case follows from (i). The Tr^-regular case follows once noting 
that if Rq is a semi-invariant subring of R, then M„(i?o) is a semi- invariant subring 
of M n (R) for all n£N. □ 

Lemma 4.4. Let R be a ir-regular ring. Then: 

(i) Jac(i?) is nil. 

(ii) R is semiperfect i? does no£ contain an infinite set of orthogonal 
idempotents. 

Proof. For a £ i?, let e a denote the associated idempotent of a and let / Q = 1 — e a . 

(i) Let a £ Jac(i?) and let 6 be the inverse of e a ae a in e a Re a . Then e a = 
6(e Q ae a ) € Jac(i?), hence e a = 0, implying a = f a af a is nilpotent. 

(ii) That i? is semiperfect clearly implies R does not contain an infinite set of 
orthogonal idempotents, so assume the converse. Let a € R. Observe that if e a = 
then a is nilpotent and if e a = 1 then a is invertible. Therefore, if e a 6 {0, 1} for 
all a E R, then i? is local and in particular, semiperfect. 

Assume there is a £ R with e :— e a ^ {0, 1}. We now apply an inductive 
argument to deduce that eRe and (1 — e)R(l — e) are semiperfect, thus proving 
R is semiperfect (by Proposition I2.4j) . The induction process must stop because 
otherwise there is a sequence of idempotents {efc}^ C R such that ek £ ek-iRek~i 
and efe ^ {0, e^-i}- This implies {ek-i — s^'kLi is an infinite set of non-zero 
orthogonal idempotents, which cannot exist by our assumptions. □ 

Lemma 4.5. Let Ro C R be rings. If R is semiperfect and both Rq and R are 
ir-regular, then Rq is semiperfect and Jac(i?o) Tl ^ Jac(i?) for some n € N. // in 
addition R is semiprimary (right perfect), then so is Rq. 

Proof. By Lemma l4.4f ii). R does not contain an infinite set of orthogonal idempo- 
tents. Therefore, this also applies to Rq, so the same lemma implies Rq is semiper- 
fect. Let <p denote the standard projection from R to Rj Jac(i?). By Lemma l4~4T i). 
</j(Jac(i?o)) is nil. Therefore, by Theorem 12.51 (applied to <p(R), which is semisim- 
ple), yj(Jac(i?o)) is nilpotent, hence there is n € N such that Jac(i?o)™ Q Jac(iZ). 
If moreover R is semiprimary (right perfect), then Jac(i?) is nilpotent (right T- 
nilpotent). The inclusion Jac(i?o) n Q Jac(i?) then implies Jac(i?o) is nilpotent 
(right T- nilpotent), so Rq is semiprimary (right perfect). □ 

Theorem 4.6. Let R be a ring and let Rq be a semi-invariant subring of R. If 
R is semiprimary (resp. right perfect, semiperfect and iToo -regular, semiperfect and 
ir-regular), then so is Rq. In addition, there is n £ N such that Jac(i?o) n Q Jac(i£). 
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Proof. Recall that being right perfect implies being 7r-regular by Proposition 12.11 
Given that, the theorem follows from Corollary 14. 31 and Lemma l4~5l □ 

Corollary 4.7. Let R C S be rings and let M be a right S-module. //End(Affj) 
is semiprimary (resp. right perfect, semiperfect and ■n oa -regular, semiperfect and 
it -regular) , then so is End(Afs) and there exists n G N such that Jac(End(M5))™ C 
Jac(End(M il )). 

Proof. This follows from the last theorem and Proposition 13.61 □ 

Remark 4.8. Camps and Dicks proved in [9] that a rationally closed subring of a 
semilocal ring is semilocal, thus implying the semilocal analogues of Theorem 14.61 
and Corollary 14.71 excluding the part regarding the Jacobson radical (which indeed 
fails in this case; see Example 16. 7p . In fact, the semilocal analogue of Corollary 
14.71 was noticed in [131 Pr. 2.7]. However, we cannot use this analogue with the 
Krull-Schmidt Theorem (as we do in Section [7] with our results) because modules 
with semilocal endomorphism ring need not have a Krull-Schmidt decomposition, 
as shown in P~J] and [3J. 

Nevertheless, as there are plenty of weaker Krull-Schmidt theorems for modules 
that do not require End(M^) to be semiperfect (mainly due to Facchini et al.; e.g. 
[3], [12]), it might be that if M, R, S are as in Corollary 14. 71 and End(M fl ) is merely 
semiperfect, then M has a Krull-Schmidt decomposition over S (despite the fact 
End(Afs) need not be semiperfect). To the author's best knowledge, this topic is 
still open. 

We finish this section with a supplementary result for algebras. 

Proposition 4.9. Let i? C S be rings and E C End(S*). Assume there is a division 
ring D C R such that (j(D) C D for all a G E. Then dim^si? 2 < dim£>i?. 

Proof. Consider the left D-vector space V = DR^. Let {i>i}ig/ C i? s be a left 
D-basis for V. We claim that {vi}i^i is a left Z? E -basis for Indeed, let v G 
_R S . Then there are unique {di}j g / C D (almost all 0) such that v = J^i^i^i- 
However, for all a G £, v = <j(v) = J2i < J {di) v i, so a(di) = di for all i G /, hence 
v G Yjiei D ^ v i- Therefore, dim D si? s = dim D V < dim D R. □ 

Remark 4.10. An invariant subring of a f.d. algebra need not be left nor right 
artinian, even when invariants are taken w.r.t. to the action of a finite cyclic group. 
This was demonstrated by Bjork in [51 §2]. In particular, the assumption a(D) C D 
for all a G £ in the last proposition is essential. However, Bjork also proved that 
if E is a finite group acting on a f.d. algebra over a perfect field, then the invariant 
subring (w.r.t. E) is artinian; see Th. 2.4]. For a detailed discussion about when 
a subring of an artinian ring is artinian, see [5] and [6] . 

5. TOPOLOGICALLY SEMI-INVARIANT SUBRINGS 

In this section we specialize the notions of semi-invariance and and 7r-regularity 
to certain topological rings. As a result we obtain a topological analogue of The- 
orem [476] (Theorem [5T0]) , which is used to prove that topologically semi-invariant 
subrings of semiperfect pro-semiprimary rings are semiperfect and pro-semiprimary 
(Theorem l5.15p . Note that once restricted to discrete topological rings, some of the 
results of this section reduce to results from the previous sections. However, the 
latter are not superfluous since we will rely on them. For a general reference about 
topological rings, see [31"] . 

Definition 5.1. A topological ring R is called linearly topologized (abbreviated: 
LT) if it admits a local basis (i.e. a basis of neighborhoods of 0) consisting of two- 
sided ideals. In this case the topology on R is called linear. 
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Let us set some general notation: For any topological ring R, let Ir denote 
its set of open ideals. Then R is LT if and only if Ir is a local basis. Wc 
use Hom c (End c ) to denote continuous homomorphisms (endomorphisms). The 
category of Hausdorff linearly topologized rings will be denoted by Jzf5%, where 
Hom^ (A, B ) = Home {A, B) for all A, B e Jz^Q A subring of a topological ring 
is assumed to have the induced topology. In particular, if R £ Jtf^2 then so is any 
subring of R. The following facts will be used freely throughout the paper. For 
proofs, see [SB §3]. 

(1) Let (G, +) be an abelian topological group and let B be a local basis of G. 
Then for any subset ICG,I = C\u&b( X + U )- 

(2) Under the pervious assumptions, G is Hausdorff <^=> {0} = C\ueB U = 

{<>!• 

(3) Given a ring R and a filter base of ideals B, there exists a unique ring 
topology on R with local basis B. This topology makes R into an LT ring. 

Example 5.2. (i) Any ring assigned with the discrete topology is LT. 

(ii) Z p (with the p-adic topology) is LT but Q p is not. 

(iii) Let R be an LT ring and let n £ N. We make M n (R) into an LT ring by 
assigning it the unique ring topology with local basis {M n (I) 1 1 £ Ir}. 

(iv) If R is LT and e £ E(R), then eRe is LT w.r.t. the induced topology. 

(v) Let {i?j}ig/ be LT rings. Then Yliel Ri 1S LT w.r.t. the product topology. 

(vi) Let R be an inverse limit of LT rings {R^i^i, with the topology induced 
from the product topology on Yiiei ^0 Then by (v) R is LT. 

(vii) If R is LT and J < R, then R/ J with the quotient topology is LT. Indeed, 
{I I J \JQIe Ir} is a local basis for that topology. The ring Rj J is Hausdorff if 
and only if J is closed, and discrete if and only if J is open. 

The last example implies that Jz£?2 is closed under products, inverse limits and 
forming matrix rings (with the appropriate topologies) . We will say that a property 
Q of LT rings is preserved under Morita equivalence if whenever R £ Jzf?2 has Q, 
then so does M ra (i?) and eRe for e £ E(i?) s.t. eR is a progeneratorQ 

Definition 5.3. Let R £ «22?2. A subring Rq C R is called a topologically semi- 
invariant (abbrev.: T- semi-invariant) subring if there is R C S £ Jz2?2 and a set 
£ C Endc(S') such that Rq = The subring Rq is called a topologically semi- 
centralizer (abbrev.: T-semi-centralizer) subring if there is R C S £ Jz£?2 and a set 
ICS such that R = Cent R (X). 

A T-semi-invariant subring is always closed. In addition, there is an analogue of 
Proposition 13.11 for T-semi-invariant rings. 

Proposition 5.4. Let Rq be a subring of R £ S£S/~2- The following are equivalent: 

(a) There is R C S £ J£3?2 and a set E C End c (S') such that Rq = 

(b) There is R C S £ „22?2 and a subset ICS such that Rq = Cent^A). 

(c) There is R C S £ and a £ Aat c (S) with a 2 = id and R = ijM. 

(d) There is R C S £ and an inner automorphism a £ Aut c (S) such that 
a 2 = id and R Q = R^ . 

(c) There are LT Hausdorff rings {<Si}ie/ and continuous ring homomorphisms 
ipP,^ 2) :R^Si such that R Q = {r£R : ^ (1) (r) = ^ 2) (r) Vi G I}. 



The subscript "2" in S£?i stands for the second separation axiom T2 (i.e. being Hausdorff). 

With this topology R is indeed the inverse limit of {i?i}igj in category of topological rings, 
i.e. it admits the required universal property. 

^ Caution: There is a notion of Morita equivalence for (right) LT rings, but we will not use it 
in this paper; see 1 151 and related articles. 
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Proof. This is essentially the proof of Proposition 13.11 but we need to endow the 
rings constructed throughout the proof with topologies making them into LT Ha- 
sudorff rings that contain R as a topological ring. This is briefly done below; the 
details are left to the reader. 

(e)=>(c): Endow S = Yl(i j)eix{i 2} ^ij with the product topology. 

(c)=>(d): Observe that B = {I H a(I) \I G Is} is a local basis of S and 
cr(J) = J for all J G B. Assign S' — S[x;a] the unique ring topology with local 
basis {J[x;er]| J G B}, where J[x;a] denotes the set of polynomials with (left) 
coefficients in J, and give S" — S' J (x 2 — l) the quotient topology. 

(b)=4>(a): Give S((t)) the unique ring topology with local basis {/((£)) | / G Zs}, 
where I((t)) denotes the set of polynomials with coefficients in /. □ 

We now generalize the notion of 7r-regularity for topological rings. Our definition 
is inspired by Proposition 14.21 

Definition 5.5. Let R G ££S?i and a G R. The element a is called quasi- tt- regular 
in R if there is an idempotent e € E(i?) such that: 

(A) a = eae + faf where f := 1 — e. 

(B) eae is invertible in eRe. 

(C) {faf) n ^-^> (w.r.t. the topology on R). 

Call R quasi-7r-regular if all its elements are quasi-n -regular. 

Since we only consider LT rings, condition (C') means that for any I G Ir there 
is n G N such that (faf) n G /. This implies that quasi- 7r-regularity coincide with 
7r-regularity for discrete topological rings (take / = {0}) and that if a is quasi- 
7r-regular in R then a + I is 7r-regular in R/I for all / G Tr. In particular, if R 
is quasi- 7r-regular then R/I is 7r-regular. We will call the idempotent e satisfying 
conditions (A),(B) and (C) the associated idempotent of a. The following lemma 
shows that it is unique. 

Lemma 5.6. Let R G Jz2?2 and a G R a quasi-n -regular element. Then the idem- 
potent e satisfying conditions (A),(B) and (C) is uniquely determined by a. 

Proof. Assume both e and e' satisfy conditions (A), (B), (C) and let / elj;. Then 
e + I and e' + 1 are associated idempotents of a + 1 in R/I, hence e + / = e' + /, or 
equivalently e — e' G /. It follows that e — e' G H/gZh ^ = {0} ( smce ^ is Hausdorff), 
so e = e'. □ 

Remark 5.7. (i) In the assumptions of the previous lemma it is also possible to 
show that eR = |XL X a n R and (1 - e)R = {r G i? : a"r 0}. 

(ii) If we do not restrict to LT Hausdorff rings, the associated idempotent need 
not be unique. For example, in Q p both and 1 are associated idempotents of p. 
(It is not known if Lemma 15.61 holds under the assumption that R is right LT, i.e. 
has a local basis of right ideals). 

(iii) If one assigns a semiperfect ring R with H^Li Jac(i?) n = {0} the Jac(-R)- 
adic topology, then R becomes a Hausdorff LT ring and for any a G R there is an 
idempotent e satisfying conditions (B) and (C) (but such e need not be unique 
even when R is simple). However, condition (A) might be impossible to satisfy for 
some a. Indeed, the ring R constructed in example 16.11 below, which is isomorphic 
to M4(Z( 3 )), is a semiperfect ring having no ring topology making it into a quasi- 
7r-regular Hausdorff LT ring. As is quasi-7r-regular w.r.t. the 3-adic topology 
(since it is local), it follows that quasi- w- regularity is not preserved under Marita 
equivalence. (This also follows from the comment before Proposition 12.60 

It light of the last remark, it is convenient to call an LT Hausdorff ring R quasi- 
■Koo-regular if M„(i?) is quasi- 7r-regular for all n. This property is preserved under 
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Morita equivalence and turns out to be related with Henselianity (see Section [S]). 
However, to avoid cumbersome notation, we will not mention it in this section. All 
statements henceforth can be easily seen to hold once replacing (quasi-)7r-regular 
with (quasi-)7r OC3 -regular. 

Corollary 5.8. (i) Let R £ JzS5%, let Rq be a T- semi- invariant subring of R and 
let a £ Rq be quasi-ir -regular in R. Then a is quasi-ir -reuglar in Rq. 

(ii) A T- semi- invariant subring of a quasi-n -regular ring is quasi-n -regular. 

Proof. This is similar to the proof of Corollary 14. 31 □ 

Lemma 5.9. Let R £ J£S?i be quasi-n -regular. Then: 

(i) For all a £ Jac(i?) 7 a" "^° & > 0. (That is, J&c(R) is "topologically nil"). 

(ii) R is semiperfect ■<=>■ R does not contain an infinite set of orthogonal 



Proof, (i) Let I £ 1 R . Then a + I £ (Jac(i?) + /)// C Jac(i?/J), so by Lemma 
14.4( 1) applied to R/L (which is 7r-regular), there is n £ N such that a n £ I. 

(ii) We only show the non-trivial implication. For a £ R, let e denote the 
associated idempotent of a. Note that e a = 1 implies a £ R x and e a = implies 



Assume e a £ {0, 1} for all a £ R. We claim R is local. This is clear if R — {0}. 
Otherwise, let a £ R and assume by contradiction that e a = e\- a = 0. Let R =/= I £ 
1r (here we need R ^ {0}). Then there is n £ N such that a™, (1 — a) n £ I, implying 



(l-a") n = (l-a)"(l + a + --- + a n - 1 ) n £ L. We can write 1 = (1 - a n ) n + a n h(a) 



for some h(x) £ thus getting 1 £ L , in contradiction to the assumption I =/= R. 
Therefore, one of e a , ei_ a is 1, hence one of a, 1 — a is invertible. 

Now assume there is a £ R with e := e a {0, 1}. Then we can induct on eRe 
and (1 — e)R(l — e) as in the proof of Lemma |4.4f ii). However, we need to verify 
that eRe is quasi- 7r-regular (w.r.t. the induced topology). Let b £ eRe. It enough 
to show e& £ eRe, i.e. e& = ee&e. As R £ Jz£?2, this is equivalent to e^ + L = eebe + L 
for all L £ Ir. Indeed, since R/L is 7r-regular, so is e{R/L)e (by Proposition ^. 6( D). 
hence b + 1 has an associated idempotent e £ e(R/L)e. However, it easy to see that 
e is also the associated idempotent of b + I in R/L, so necessarily e = ej, + J. As 
e = (e + I)e(e + L), it follows that eb + L = ee^e + I. □ 

We can now state and prove a T-semi-invariant analogue of Theorem 14.61 

Theorem 5.10. Let Rq be a T-semi-invariant subring of a semiperfect and quasi- 
■K-regular ring R £ J£S?2- Then Rq is semiperfect and quasi-n -regular and there is 
neN such that Jac(i? )™ ^ Jac(i?). 

Proof. That Rq is quasi- 7r-regular and semiperfect follows form Corollary 15.81 and 
Lemma f5.9f ii). Now let / £ Ir. Then both R/L and (Rq + L)/I are semiperfect 
and 7r-regular (since (Rq + L)/L = Rq/(Rq n /) and Rq n I is open in Rq). There- 
fore, by Lemma WM there is m £ N such that Jac((i? + I)/I) n ' C 3a,c(R/I) n '. 
As Jac( J R/7) = (Jac(i?) + L)/L, this implies Jac(i? )" J Q Jac(i?) + /. However, 
(R/L)/(3a,c(R/L)) = i?/(Jac(i?) + 7) is a quotient of R/ Jac(i?) which is semisim- 
ple. hence the index of nilpotence of any of its subsets is bounded (when finite) 
by length(i?/ Jac(i?))0 Therefore, there is n £ N such that for all L £ Tr, 

Jac( J R ) n C Jac(i?) + / or equivalently, Jac(i? )" C f]iel B ( JakC ( R ) + 7 ) = Jac(i«). 
Thus, we are done by the following lemma. □ 



Actually, the index of nilpotence is bounded in any right noetherian ring ii. Indeed, the 
prime radical of R, denoted N, is nilpotent and R/N is a semiprime Goldie ring. Therefore, by 
Goldie's Theorem, R/N embeds in a semisimple ring and thus has a bounded index of nilpotence. 



idempotents. 
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Lemma 5.11. Let R £ JzS% be quasi-ir -regular. Then R x and Jac(i?) are closed. 

Proof. Let a £ R x and let e be its associated idempotent. Then for any I £ Ir 
there is aj £ R x such that a — ai £ I. Clearly e + / is the associated idempotent 
of a + 1 = aj + 1 in R/I. However, aj + I £ (R/I) x and thus 1 + / is its associated 
idempotent. It follows that e + / = 1 + 1 for all I £ 2/j, hence e = 1 and a £ R x . 

Now assume a € Jac(i?). It is enough to show that for all b £ R, 1 + afe € i? x . 
Let 7 e 2^ and let a/ € Jac(i?) be such that a — aj £ I . Then 1 + a\b £ i? x and 
(1 + a6) - (1 + a/6) G J. Therefore, 1 + ab £ f)i e x R (R x + I) =R X = R x . □ 

Remark 5.12. (i) The assumption that R is quasi- 7r-regular in the last lemma is 
essential; see Example 19.21 (take n — 0). In addition, Jac(i?) 2 need not be closed 
even when R is quasi- 7r-regular; see Example 19. Ill 

(ii) If R is quasi- 7r-regular and semiperfect, then R x and Jac(i?) are also open. 
Indeed, by the previous lemma Jac(i?) = Jac(i?) = f] IelH (Jac(iZ) + I), hence 
Jac(i?) is an intersection of open ideals. Since Rj Jac(i?) is artinian, Jac(i?) is the 
intersection of finitely many such ideals, thus open. The set R x is open since it is 
a union of cosets of Jac(i?). 

In order to apply theorem l5.10l to pro-semiprimary rings, we need to recall some 
facts about complete topological rings. While the exact definition (see [3TJ §7-8]) 
is of little use to us, we will need the following results. Let R £ Jzf?2, then: 

(1) R is complete if and only if R is isomorphic to an inverse limit of an in- 
verse system of discrete topological rings {Ri]i e j. In this case, if <fi is the 
standard map from R to then {ker</?i | i £ 1} is a local basis of R. 

(2) If R is complete and B is a local basis consisting of ideals, then R = 
hm{i?//}/ ee . (Note that R/I is discrete for all I £ B.) 

We will also use the fact that a closed subring of complete ring is complete. (This 
can be verified directly for rings in J?f?2 using the previous facts.) 

We now specialize the definition of pro-semiprimary rings given in Section [1] to 
topological rings. For a ring property V, a topological ring R will be called pro-V 
if R is isomorphic as a topological ring to the inverse limit of an inverse system 
of discrete rings satisfying V . If in addition the standard map from R to each 
of these rings is ontqj, then R will be called strictly pro-V. Clearly any pvo-P 
ring is complete and lies in J£% ■ An LT ring R is strictly pro-T 5 if and only if 
it is complete and admits a local basis of ideals B such that R/I has V for all 
I £ B. Notice that if V is preserved under Morita equivalence, then so does being 
pro-T 3 and being strictly pro-P (because the isomorphisms of Lemma 12.31 are also 
topological isomorphisms). 

Remark 5.13. Any inverse limit of (non-topological) rings satisfying V can be 
endowed with a linear ring topology making it into a pro-T 3 ring, but this topol- 
ogy usually depends on the inverse system used to construct the ring. However, 
when V = scmiprimary and the ring is right noctherian, the topology is uniquely 
determined and always coincide with the Jacobson topology! See Section [5] 

Once recalling Remark 12.91 the following lemma implies that pro-semiprimary 
rings are quasi- 7r-regular. 

Lemma 5.14. Let {R4, /y} be an I -indexed inverse system of it -regular rings and 
let R = lim \Rj\nzj . Then R is quasi-n -regular. 



This is not trivial since the maps in the inverse system are not assumed to be onto. 
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Proof. We identify R with the set of compatible /-tuples in Yliel Ri (i- e - tuples 
(xi)i£i satisfying fij(xj) — Xi for all i < j in I). Let a = (aj)jg/ £ R and let 
e% £ E(i?j) be the associated idempotent of cii in /?;. The uniqueness of implies 
that e = (ei)igj is compatible and hence lie in R. We claim that e is the associated 
idempotent of a in R. Conditions (A) and (C) are straightforward, so we only 
check (B): Let bi be the inverse of ei^e^ in eiRei. The for all i < j 'in /, fijipj) 
is also an inverse of e^ei in eiRei, hence fijipj) — bi. Therefore, 6 := (&i)iei 
is compatible and lie in /?. Clearly 6 = ebe and b(eae) = (eae)b — e (since this 
holds in each coordinate), so condition (B) is satisfied. We thus conclude that R is 
quasi- 7r-regular. □ 

The converse of Lemma 15.91 is almost true; if R € ££2?i is quasi- 7r-regular, then 
R is dense in a pro-7r-regular ring, namely lim. {R/I\i£i„. The following theorem 
implies that T-semi-invariant subrings of semiperfect pro-semiprimary rings are 
semiperfect and pro-semiprimary (w.r.t. the induced topology). 

Theorem 5.15. Assume R — ^im \Rj}j£i where each Ri is n-regular. Denote by 
Ji the kernel of the standard map R — > Ri and let Rq be a T-semi-invariant subring 
of R. Then: 

(i) Rq is quasi-ir -regular and Rq = lim. {Rp / (Jj n Ro)}iei- 

(ii) If R does not contain an infinite set of orthogonal idempotents, then Rq is 
semiperfect and there is n € N such that Jac(-Ro)™ C Jac(i?). 

(hi) For all i 6 J, Ro/(Ji H Rq) is ix-regular. If moreover Ri is semiprimary 
(right perfect, semiperfect), then so is iio/(Jj H Ro). In particular, if R is 
pro-semiprimary (pro-right-perfect, pro-ir -regular-and-semiperfect) , then so 
is Rq. 

Proof. By Lemma f5. 141 R is quasi-7r-regular, so the first assertion of (i) is Corollary 
I5.8f ii). As for the second assertion, R is complete and Rq is closed in R, hence Rq is 
complete. Since {Rq n Ji | i £ 1} is a local basis of Ro, Rq = ^im {Ro/(Ji n i?o)}ie/- 
(ii) follows from Lemma l5.9r ii) and Theorem 15.101 As for (iii), J?o/(J,nflo) is 
regular as a quotient of a quasi- 7r-regular ring with an open ideal. The rest follows 
from Lemma H3] (applied to Ro/(Ji (1 Rq) identified as a subring of Ri). □ 

Let V € {semiprimary, right-perfect, n- regular-and-semiperfect, 7r- regular}. 
Then Theorem 15.151 implies that pro-T 5 rings are strictly pro-P (take Rq = R). 
In fact, we can prove an even stronger result: 

Corollary 5.16. In the previous notation, the inverse limit of a small category of 
pro-V rings is strictly pro-V . 

Proof. Let ^ be a small category of pro-7 3 rings and let {Ri}i & i be the objects of 
c €. Then R = Hm^ can be identified with the set of /-tuples (xi)i e i G Yl ie j Ri 
such that f(xj) = X{ for all i,j € / and / £ Hom^(/?j , Ri). Clearly S :— Yl ieI Ri is 
pro-V. If we can prove that R is a T-semivariant subring of S, then we are through 
by Theorem 1 5. 151 Indeed, let 7Tj denote the projection from S to Ri. For all i,j £ I 
and / £ Hom^ (Rj , R4) define ipj,(p^p : S — > Ri by ip^ — ni, ip^p — f onj. Then 
R = {x £ S : tp { p{x) = <pf\x)Vf}, hence R is a T-semi-invariant subring of S by 
Proposition 15. 4f e). □ 

In some sense, Corollary 15.161 includes Theorem 14.61 and part of Theorem 15.151 
because a T-semi-invariant subring can be understood as the inverse limit of a 
category with two objects. (Indeed, if R C S £ J£% and E is a submonoid of 
End c (S'), then take Ob(^) = {R, S} with End^(S') = S, End^i?) = {id R }, 
Hom<^(S', R) — <j) and Hom<^(/?, S) = {i} where i : R — > S is the inclusion map). 
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Corollary 5.17. If R is pro-semiprimary, then for any J G Tr there is n € N such 
that Jac(i?)" C J. In particular, H^Li Jac(i?) n = {0}. 

Proof. Assume R = ^im{i?i}i 6 / with each i?^ semiprimary and let Ji be as in 
Theorem 15.151 Since {Ji\i G /} is local basis, there is i G / such that Ji G 
J. By Theorem I5.15f iii). Rj Ji is semiprimary, hence there is n G N such that 
Jac(R/Ji) n = 0. As Jac(i?/J,) D (Jae(R) + Ji)/Jj, we get Jac(i?) n C J, C J. □ 

Remark 5.18. We will show in Proposition 18.61 that Henselian rank-1 valuation 
rings are quasi- Tr^-regular. In particular, non-complete such rings (e.g. the Q- 
algebraic elements in Z p ) are examples of non-complete quasi-Tr^-regular rings. 
In addition, the author suspects that the following are also explicit examples of 
non-complete quasi- ir^ -regular rings: (1) The ring of power series Y^Lo G 
Z p [[t]] with ai — > endowed with the t-adic topology (such rings are common in 
rigid geometry). (2) The ring in the comment after Lemma l2~3l w.r.t. its Jacobson 
topology 

6. Counterexamples 

This section consists of counterexamples. In particular, we show that: 

(1) If R is a semipcrfcct ring and £ C End(i?), then i? E need not be semiper- 
fect even when £ is a finite group and even when £ consists of a single 
automorphism. Similarly, if X C R is a set, then Cent/j(X) need not be 
semipcrfcct even when X consists of a single clement. 

(2) The semiperfect analogue of Corollary 14. 71 is not true in general. 

(3) A semi-invariant subring of a semiperfect pro-semiprimary ring need not be 
semiperfect even when closed (in contrast to T-semi-invariant subrings). 

(4) Rationally closed subrings of a f.d. algebra need not be semiperfect. In 
particular, Theorem 14.61 do not generalize to rationally closed subrings. 

(5) No two of the families of semi-invariant, invariant, centralizer and rationally 
closed subrings coincide in general. 

We note that (1) is also true if we replace semiperfect with artinian. This was 
treated at the end of Section 0J 

We begin with demonstrating (1). Our examples use Azumaya algebras and we 
refer the reader to [57] for definition and details. 

Example 6.1. Let S be a discrete valuation ring with maximal ideal irS, residue 
field k = S/irS and fraction field F, and let A be an Azumaya algebra over S. Recall 
that this implies A/irA is a central simple /c-algebra and Jac(^4) = it A. Assume the 
following holds: 

(a) D = F <£>s A is a division ring. 

(b) A/ ir A has zero divisors. 

In addition, assume there is a set ICi x generating A as an 5-algebra (such X 
always exists). Note that conditions (a) and (b) imply that A is not semiperfect be- 
cause A contains no non-trivial idempotents while A/irA = Aj Jac(A) does contain 
such idempotents, hence Jac(A) is not idempotent lifting. 

Define R = A A op and let E = {<r x } x ex where a x is conjugation by 1 <Ei x op . 
Then R is an Azumaya S'-algebra which is an 5"-order inside D ®p D° p = M r (F). 
This is well known to imply that R = End(Pg) for some faithful finite projective 
iS-module P (in fact, P is free since S is local). Therefore, R is Morita equivalent 
to S, hence semiperfect. On the other hand, i? s = Cent_R({l <X> x op | x G X}) = 
Cent^S (g> A op ) = A <g> S = A, so i? s is not semiperfect. 

An explicit choice for S, A, F, D is S = Z (3) (tt = 3), F = Q, D = (-1, -1) Q = 
Q[i,j\ij — —ji,i 2 = j 2 = —1] and A = S[i,j]. If we take X = {i,j} then 
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£ will consist of two inner automorphisms which are easily seen to generate an 
automorphism group isomorphic to (Z/2) x (Z/2). 

Example 6.2. Let S, ir, A, F, D be as in Example 16. II and assume there is a cyclic 
Galois extension K/F such that: 

(c) K/F is totally ramified at 7r. 

(d) K® F D splits (i.e. K(g> F D^ M t (K)). 
Write Gal(K/F) = (<r). 

Let T denote the integral closure of S in K. Then a(T) — T. We claim that 
T <S) S A is semiperfect, but (T <g> s A)^® 1 ^ is not. Indeed, = T n F = 5, so 

(T ® A)^® 1 ' = S <X> A = A which is not semiperfect as explained in the previous 
example. On the other hand, T ® A is an Azumaya T-algebra and a T-order in 
K ® D = M t (K). Again, this implies T <g> A is Morita equivalent to T. But T is 
local because K/F is totally ramified at n, hence T <g> A is semiperfect. 



If we take S, A, F, D as in the previous example, then T = S[y/—S\, K — Q[v— 3] 
will satisfy (c) and (d). Indeed, dimension constraints imply K ® £) is either a 
division ring or Ma (if), but V — 3 + « + j + ij G K ® D has reduced norm 0, so the 
latter option must hold. 

Example 6.3. Start with a semiperfect ring i? and a G End(i?) such that 
is not semiperfect (e.g. those of Example 16. 2[) . Let i?' = _R[[t;er]] be the ring of 
cr-twisted formal power series with left coefficients in R (i.e. a(r)t = tr for all 
r € R) and let a; = 1 + 1 € (R') x ■ We claim i?' is semiperfect, but Cent_R'(x) is 
not. Indeed, Cent R ,(x) = Cent^(i) = i? {fT} [[£]], so we are done by applying the 
following proposition for R[[t; a]] and R^ [[t]]. 

Proposition 6.4. For any ring W and t G End(VF), W is semiperfect if and only 
ifW[[t;T}} is. 

Proof. Let V = W[[t; r]] and let J = Jac(W) + Vt<\V. Then V/J = W/ J&c(W). 
Since the r.h.s. has zero Jacobson radical, J D Jac(y). However, as 1 + J C V x , 
we have J C Jac(V), thus 3&c(V) = J. The isomorphism V/J = W/ J&c(W) now 
implies that V is semilocal -4=4> W is semilocal. We finish by observing that Vt is 
idempotent lifting (this immediate as V — W ® Vt), hence J is idempotent lifting 
in V J/Vt is idempotent lifting in V/Vt <^=> Jac(M^) is idempotent lifting 

inW. □ 

We now show (2), relying on the previous examples. 

Example 6.5. Let R be a semiperfect ring and let X C R be such that Centfl(X) 
is not semiperfect (the existence of such R and X was shown in previous examples). 
Let Y = {y a | a G X} be a set of formal variables and let S = R (Y) be the ring 
of non-commutative polynomials in Y over R (Y commutes with R). We can make 
R into a right S'-module by considering the standard right action of R onto itself 
and extending it to S by defining r ■ y a — ar for all a G X. Let M denote the right 
S'-module obtained thusly. Identify R with End(M^) = End(i?fj) via r n- (m n- 
rm) G End(i?R). It is straightforward to check that End(Ms) now corresponds to 
CentHpf). Therefore, End(Mij) = J? is semiperfect but End(M s ) = Cent R {X) is 
not semiperfect. 

The next example demonstrates (3). 

Example 6.6. Let p, q be distinct primes. Endow R = Z p x Z q x Q with the product 
topology (the topology on Q is the discrete topology) . Then R is clearly semiperfect 
and pro-semiprimary. Define K = {(a, a, a) | a G Q} and let Ro — RD K. Then i?o 
is a semi-invariant subring of i? by Proposition 13.31 (take S = Q p x Q q x Q) and 
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it is routine to check Rq is closed. However, Rq is not semiperfect. Indeed, it is 
isomorphic to T = M _1 Z where M = Z\ (pL U qL). The ring T is not semiperfect 
because it has no non-trivial idempotents while Tf Jac(T) = T/pqT = T/pTxT/qT 
has such, so Jac(T) cannot be idempotent lifting. 

The following example shows that rationally closed subrings of a f.d. algebra need 
not be semiperfect. As f.d. algebras are semiprimary, this shows that Theorem 14.61 
fails for rationally closed subrings. 

Example 6.7. Let K = Q(x) and R = K x K x K. Define S' = {f/g \ f,g G 
Q[x], g(0) ^ 0, g(l) ^ 0} and observe that S' is not semiperfect since it is a domain 
but S'/ Jac(S") has non-trivial idempotents. (Indeed, S' / Jac(£") = S' / (x(x — 1)) = 
S'l (x) xS'/(i-l)=QxQ). Define tp : S' -> R to be the Q-algebra homomor- 
phism obtained by sending x to a := (0, l,x) € R and let S = im.Lp. It is easy to 
verify that ip is well defined and injective, hence S is not semiperfect. However, S 
is rationally closed in R. To see this, let q(x) £ S' and assume q(a) E R x . Then 
q(0),q(l) ^ 0. This implies q(x) € (S") x , hence q(a) = <p(q(x)) € S x . 

We finish by demonstrating (5). The subring S of the last example cannot be 
semi-invariant, for otherwise we would get a contradiction to Theorem 14.61 In 
particular, S is not an invariant subring nor a centralizer subring. Next, let R = 
Q[v^2, \/3]. Then the only centralizer subring of R is R itself, the invariant subrings 
of R are R and Q[\/2] (Remark 13. 5p and the semi- invariant subrings of R are the 
four subfields of R ( Corollary 13.4)) . In particular, R admits a semi- invariant non- 
invariant subring and an invariant non-centralizer subring. 



This section presents applications of the previous results. In order to avoid cum- 
bersome phrasing, we introduce the following families of ring-theoretic properties: 

„ J semiprimary, right perfect, left perfect, TToo-regular and semiperfect, 



(For example, "quasi- TToo-regular and semiperfect" lies in ^top-) Note that the 
properties in ^disc apply to rings while the properties in ^top apply to LT rings. 
Nevertheless, we will sometimes address non-topological rings as satisfying one of 
the properties of ^top, meaning that they satisfy it w.r.t. some linear ring topology. 
We also define ^ mor (resp. ^ S p) to be the set of properties in iodise U ^to P which 
are preserved under Morita equivalence (resp. imply that the ring is semiperfect). 
Recall that a property in ^top is preserved under Morita equivalence if this holds in 
the sense of Section [5] (and not in the sense of [TS]). For example, "Tr-regular" and 
"quasi- tt- regular" do not lie in ^ mol nor in ^ sp , "pro-semiprimary and semiperfect" 
lies in both £P sp and ^ moll and "pro-semiprimary" lies in ^ moll but not in ^ sp . 

Theorems 14.61 15.101 and 15.151 and Corollaries 14.31^ 1) and [5j2n) can be now sum- 
marized as follows: 

Theorem 7.1. Let R be a ring and Rq a subring. 

(i) If R has V € ^disc o/nd Ro is semi-invariant, then Rq has V . 

(ii) If R £ Jz2?2 has V € ^top oxid Rq is T-semi-invariant, then Rq has V 
(w.r.t. the induced topology). 

(iii) In both (i) and (ii), ifPG & sp , then Jac(i?o)™ Q Jac(i2) for some tieN. 

Our first application follows from the fact that a centralizer subring is always 
(T-)semi- invariant: 



7. Applications 





Too-regular, Tr-regular and semiperfect, Tr-regular 
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Corollary 7.2. Let V € 3^a\&c U ^top a?id let R be a ring satisfying V . Then 
Cent(ii) and any maximal commutative subring of R satisfy V '. 

Proof. Cent (ii) is the centralizer of i? and a maximal commutative subring of R is 
itself 's centralizer. Now apply Theorem l7.il □ 

Surprisingly the author could not find in the literature results that are similar 
to the previous corollary except the fact that the center of a right artinian ring 
is semiprimary. (This follows from a classical result of Jacobson, stating that the 
cndomorphism ring of any module of finite length is semiprimary together with the 
fact that the center of a ring R is isomorphic to End(fli2i?).) 

The next applications concern endomorphism rings of finitely presented modules. 
We will only treat here the non-topological properties (i.e. ^disc)- The topological 
analogues of the results to follow require additional notation and are thus postponed 
to the next section. 

Theorem 7.3. Let R be a ring satisfying V £ ^disc H ^ mor and let M be a finitely 
presented right R-module. Then End(Af^) satisfies V . 

Proof. There is an exact sequence R n — > R m — > M — ¥ with n, m € N. Since 
R n ,R m are projective, we may apply Proposition 13.71 to deduce that End(M) is a 
quotient of a semi-invariant subring of End(i?™)xEnd(i? m ) = M n (R)xM m (R). The 
latter has V because any V 6 ^disc H ^ m or is preserved under Morita equivalence 
and under taking finite products. Since all ring properties in ^disc pass to quotients, 
we are done by Theorem 1 7. II □ 

Corollary 7.4. Let <p : S — > R be a ring homomorphism. Consider R as a right 
S -module via if and assume it is finitely presented. Then if S satisfies V 6 ^disc H 
^m or , then so does R. 

Proof. By TheoremEl End(R s ) has V. Therefore, by Corollary[T7l R ^ End(R R ) 
has V. □ 

Remark 7.5. Theorem 17.31 actually follows from results of Bjork, who proved the 
semiprimary case and part of the left/right perfect cases ([SI Ths. 4.1-4.2]), and 
Rowen, who proved the left / right perfect and the semiperfect and TToo-regular cases 
Q23I Cr. 11 and Th. 8(iii)]). Our approach suggests a single simplified proof to all 
the cases. Note that we cannot replace "finitely presented" with "finitely generated" 
in Theorem 17.31 in [6j Ex. 2.1], Bjork presents a right artinian ring with a cyclic 
left module having a non-semilocal endomorphism ring. See also [131 Ex. 3.5]. 

By arguing as in the proof of Theorem 17.31 one can also obtain: 

Theorem 7.6. Let 0— > A — > B — > C — > § be an exact sequence in an abelian 
category s/ such that B is projective. 

(i) IfEnd(A) and End(B) has V e 0> disc , then End(C) has V . 

(ii) If End(A B) has V € ^ sp , then End(C) is semiperfect. 

Next, we turn to representations over modules with "good" endomorphism ring. 
By a representation of a monoid (ring) G over a right -R-module M, we mean a 
mononid (ring) homomorphism p : G — > End(M) (so G acts on M via p). 

Corollary 7.7. Let R be a ring and let p be a representation of a monoid (or a 
ring) G over a right R-module M . Assume that one of the following holds 

(i) End(Af) has V £ &> disc U @> top . 

(ii) There is a sub-monoid (subring) H C G such that End(p|#) has V € SP&\ S c- 

(iii) End(M) is LT and Hausdorff and there is a sub-monoid (or a subring) 
H C G such that End( / o|/f) has V € &top w.r.t. the induced topology. 
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Then End(/o) has V . Moreover, ifP & & S p, then p has a Krull-Schmidt decompo- 
sition p = pi © • • • © p t and End(pi) is local and has V for all 1 < i < t. 

Proof, (i) follows from (ii) and (iii) if we take H to be the trivial monoid (basic sub- 
ring). To see (ii) (resp. (iii)), notice that End(p) = Cent End ( p | Jf \ (p(G)). Therefore, 
End(p) is a semi-invariant (resp. T-semi-invariant) subring of End( j o|/f ), hence by 
Theorem O End(p) has V. If V € ,9> sp , then End(p) is semiperfect. The Krull- 
Schmidt Theorem now implies p has a Krull-Schmidt decomposition p = p\®- ■ -®pt 
and End(pj) is local for all i. Finally, End(pi) = eEnd(p)e for some e e E(End(p)). 
Since for any ring R and e 6 E(i?), R has V implies eRe has V, we are through. □ 

Assume R is a ring and M is a right i?-module such that End(Mfj) is semiperfect 
and quasi-7r-regular (see Theorem 18.31 below for cases when this happens) . Then 
the endomorphisms of M have a "Jordan decomposition" in the following sense: 
If / G End(Mfl), then we can consider M as a right i?[x]-module by letting x act 
as /. Clearly End(M R[x] ) = Cent End(Mj?) (/), so by Theorem [ETUI End(M R[x] ) is 
semiperfect. Therefore, M R [ X ] has a Krull-Schmidt decomposition M = Mi © • • • © 
M t . (Notice that each Mi is an /-invariant submodule of M .) This decomposition 
plays the role of a Jordan decomposition for /, since the isomorphism classes of 
M\, . . . , M t (as i?[a;]-modulcs) determine the conjugation class of /. In particular, 
studying endomorphisms of M can be done by classifying LE-modules over R[x\. 

Finally, the results of this paper can be applied in a rather different manner to 
bilinear forms: Let * be an anti-endomorphism of a ring R (i.e. an additive, unity- 
preserving map that reverses order of multiplication). Then a — * 2 is an endomor- 
phism of R and * becomes an involution on the invariant subring R^ . As some 
claims on (R, *) can be reduced to claims on (R^- a \ *Ihm), our results become a 
useful tool for studying the former. Recalling that bilinear (resp. sesquilinear) forms 
correspond certain anti-endomorphisms and quadratic (resp. hermitian) forms cor- 
respond to involutions (see |17l Ch. I]), these ideas, taken much further, can be used 
to reduce the isomorphism problem of bilinear forms to the isomorphism problem of 
hermitian forms. This was actually done (using other methods) for bilinear forms 
over fields by Richm (22), who later generalized this with Shrader- Frechette to 
sesquilinear forms over semisimple algebras f|21j). The author can improve these 
results for bilinear (sesquilinear) forms over various semiperfect pro-semiprimary 
rings (e.g. f.g. algebras over Z p ). This will be published elsewhere. 

8. Modules Over Linearly Topologized Rings 

In this section we extend Theorem 17.31 and other applications to LT rings. This 
is done by properly topologizing modules and endomorphisms rings of modules over 
LT rings. 

Let R be an LT ring and let M be a right i?-module. Then M can be made into 
a topological i?-module by taking {x + MJ \ J g I R } as basis of neighborhoods of 
x £ M. (That M is indeed a topological module follows from [31] Th. 3.6].) Notice 
that any homomorphism of modules is continuous w.r.t. this topology. Furthermore, 
End(M) can be linearly topologized by taking {Hom R (M, MJ) \ J £ 1 R } as a 
local basis(3 We will refer to the topologies just defined on M and End(M) as 
their standard topologies. In general, that R is Hausdorff does not imply M or 
End(M) are Hausdorff. (E.g.: For any distinct primes p, q E Z, the Z-modulc 
Z/q is not Hausdorff w.r.t. the p-adic topology on Z). Observe that {0 End ( M )} = 



This topology is the uniform convergence topology (w.r.t. the natural uniform structure of 
M). If M is f.g. then this topology coincides with the pointwise convergence topology (i.e. the 
topology induced from the the product topology on M M ). 
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f)j e x R Hom(M, MJ) = Hom(M, f] JeXjt MJ) = Hom(M, {0 M }), so M is Hausdorff 
implies End(M) is Hausdorff. 

Now let E, be a be a finite resolution of M, i.e. E, consists of an exact sequence 

The maps i% — > will be denoted by d%. 
We say that P, has the lifting property if any /_i g End(M) can be extended to a 
chain complex homomorphism /. : E, — > E,. (Recall that /, consists of a sequence 
{fi}i=\ such that fi £ End(Pj) and dj/j = fi-\di for all z.) In other words, P. 
has the lifting property if and only if the following commutative diagram can be 
completed for every f-i £ End(M). 

P„_i »- . . . Ex »- P »- M 

i fn-l | /l | /0 /-l 

¥ ¥ ¥ Y 

P n _i s- . . . >- Ei s- E s- M 

For example, any projective resolution has the lifting property. We define a linear 
ring topology te on End(M) as follows: For all J £ Zr, define B(J, E) to the 
set of maps f-i £ End (M,M J) that extend to a chain complex homomorphism 
/. : E, — > E, such that im/j C P^J for all — 1 < i < n. The lifting property 
implies B( J, E) < End(M) and it is clear that 6b := {B( J, J5) | J £ X R } is a filter 
base. Therefore, there is a unique ring topology on End(M), denoted te, having 
Be as a local basis. 

It turns out that if E, is a projective resolution, then te only depends on the 
length of E, i.e. the number n. Indeed, if P.,P' t are two projective resolutions of 
length n of M, then the map ic\m : M M gives rise to chain complex homomor- 
phisms a, : P, — >• P' % and /3. : P' % — ^ P. with Q!_i = j9-i = idjvf. Now, if J € and 
/_i G B(J,P), then there is /. : P, — >• P. such that im/i C P,J for all i. Define 

= a.f.f3.. Then im/- C a 4 (P,J) C P/J for all i and /i a = idjvf /_i id A / = 
so /_! € B(J,P'). By symmetry, we get B(J,P) = B(J,P') for all J € hence 

Tp = Tp, . 

The topology of End(Af) obtained from a projective resolution of length n will 
be denoted by T^f and the closure of the zero ideal in that topology will be denoted 
by Py . Note that r/ 11 C r-f 7 C . . . and that that t ± m is the standard topology 
on End(Af). (Indeed, if P. : Pq — > M — > is a projective resolution of length 
1, then any / £ Hom(M, MJ) can be lifted to fo : Po —> PqJ because the map 
PqJ —> MJ is onto, hence B(P, J) = Hom(M, MJ).) More generally, for any 
resolution E, of M, te contains the standard topology on End(M). Therefore, 
if M is Hausdorff, then te is Hausdorff. In the appendix we provide sufficient 
conditions for r* 1 , t^' 1 , . . . to coincide. 

With this terminology at hand, we can generalize Proposition 13.71 

Proposition 8.1. Let R be an LT ring and let E : A^B^C^Obean exact 
sequence of right R-modules satisfying the lifting property (w.r.t. C ) and such that A 
and B are Hausdorff. Assign End(A) and End(P) the natural topology and endow 
End(C) with te- Then End(C) is isomorphic as a topological ring to a quotient of 
a T- semi-invariant subring o/End(A) x End(P). 

Proof. We use the notation of the proof of Proposition [3T7l By that proof, End(C) 
is isomorphic to a quotient of Cent d([J{]). It is easy to check that the embedding 
D <— >• S is a topological embedding, hence End(C) is isomorphic to a quotient of 
a T-semi-invariant subring of D. That the quotient topology on End(C) is indeed 
te is routine. □ 



11 We do not require the map E n — i — > E n —2 to be injective. 
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We are now in position to generalize previous results. 

Lemma 8.2. Let R £ S^S^i and V £ &a\sc- Then R is pro-V if any only if R is 
complete and R/I has V for all I € 1r. 

Proof. If R is complete and R/I has V for all / £ Z#, then R = hjii {R/ I}j e x R , so 
R is pro-V. On the other hand, if R is pro-P, then it is complete. In addition, it 
is strictly pro-7 3 f Corollary 15. 16p . hence there is a local basis of ideals B such that 
R/I has V for all I £ B. Now, let / £ Ir. Then there is Iq £ B contained in /. 
Now, R/I is a quotient of R/Io- As the latter has V, so does R/I. □ 

Recall that a topological ring is first countable if it admits a countable local 
basis. If R is pro-P, then this is equivalent to saying that R is the inverse limit of 
countably many discrete rings satisfying V . 

Theorem 8.3. Let R £ ££S?2 be a ring and let M be a f.p. right R-module. 

(i) If R is first countable and satisfies V £ <5^top H ^ mor , then End(Af 
satisfies V when End(Af) is endowed with t% . In particular, if M is Haus- 
dorff, then End(M) has V . 

(ii) Assume R is quasi-Hoo -regular and let i £ {1,2}. Then End(Af)/i l M is 
quasi-ir -regular when End(Af) is endowed with . In particular, if M 
is Hausdorff, then End(Af) is quasi-it oo -regular w.r.t. t^' 1 . 

(hi) If R is semiperfect and quasi-it^ -regular, then End(Af) is semiperfect. 

Proof, (i) The argument in the proof of Theorem 17. 31 shows that End(M) is a quo- 
tient of an LT Hausdorff ring satisfying V , which we denote by W (use Proposition 
18.11 instead of Proposition I3.7[) . I^ 1 is a closed ideal of End(M) and therefore 
End(Af)//^ f is a quotient of W by a closed ideal. We finish by claiming that for 
any closed ideal I < W, W/I satisfies V . We will only check the case V = pro-Q 
for Q £ &disc- The other cases are straightforward or follow from the pro-Q case. 
Indeed, any open ideal of W/I is of the form J/ 1 for some J £ I\y, hence by Lemma 
18.21 (W/I)/ (J/ 1) = W/J satisfies Q. In addition, that R is first countable implies 
W is first countable, hence by the Birkhoff-Kakutani Theorem, W is metrizable. 
By [3 p. 163] a Hausdorff quotient of a complete metric ring is complete, hence 
W/I is complete. Therefore, by Lemma [82] (applied to W/I), W/I is pro-Q. 

(ii) The case i = 2 follows from the argument of (i) since being 7r-regular passes 
to quotients by closed ideals (the first countable assumption is not needed). As for 
i = 1, Since if 1 is closed in t{* , it is also closed in . Therefore, End(M)//* f is 
quasi- ^oo-regular when M is equipped with t^ 1 . We are done by observing that if 
a ring is quasi- TToo-regular w.r.t. a given topology, then it is quasi- tt ^-regular w.r.t. 
any linear Hausdorff sub-topology. 

(iii) By (i), End(Af) is a quotient of a semiperfect ring, namely W. □ 

Remark 8.4. Part (iii) of Theorem 18.31 was proved in [24] for complete semilocal 
rings with Jacobson radical f.g. as a right ideal and in [23] for semiperfect TToo-regular 
rings. Both conditions are included in being semiperfect and quasi- TToo-regular. In 
addition, Vamos proved in [301 Lms. 13-14] that all finitely generated or torsion- 
free of finite rank modules rank over a Henselian integral domain^ have semiperfect 
cndomorphism ring. Results of similar flavor were also obtained in |13| . where it 
is shown that the endomorphism ring of a f.p. (resp. f.g.) module over a semilocal 
(resp. commutative semilocal) ring is semilocal. 

Corollary 8.5. Let S be a commutative LT ring and let R be an S-algebra s.t. R 
is f.p. and Hausdorff as an S-module. Then: 



A commutative ring R is called Henselian if R is local and Hensel's Lemma applies to R. 
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(i) If S is quasi-TToo -regular, then R is quasi-'K 00 -regular (w.r.t. to some linear 
ring topology). If moreover S is semiperfect, then so is R. 

(ii) If S satisfies V £ ^top H ^ mor w.r.t. a given topology which is also first 
countable, then R satisfies V . 

Proof. We only prove (ii); (i) is similar. By Theorem 17.31 End(i?s) satisfies V . For 
all r £ R, define r £ End(i?s) by r{x) — xr and observe that CentE,^^) ({r | r £ 
R}) ^ End(R R ) = R, hence R has V by Theorem O □ 

Let C be a commutative local ring. Azumaya proved in [21 Th. 22] that C is 
Henselian if and only if every commutative C-algebra R with Rc f.g. is semiperfect. 
This was improved by Vamos to non-commutative C-algebras in which all non- units 
are integral over C; see |301 Lm. 12]. Given the previous corollary, Azumaya and 
Vamos' results suggest that the notions of Henselian and quasi-Tr^-regular might 
sometimes coincide. This is verified in the following proposition. 

Proposition 8.6. Let R be a rank-1 valuation ring. Then R is Henselian if and 
only if R is quasi-Ttca -regular w.r.t. the topology induced by the valuation. 

Proof. Assume R is quasi- Tr^-regular. Observe that any free i?-module is Hausdorff 
w.r.t. the standard topology, hence Corollary 18. 5f i) implies that any i?-algebra A 
such that A R is free of finite rank is semiperfect. Thus, by Th. 19], R is Henselian. 

Conversely, assume R is Henselian. Denote by v the (additive) valuation of R. 
Since v is of rank 1, we may assume v take values in (R, +). For every S £ M, let 
h = {x £ R\v{x) > 6}. Then {M n (/ a )|<5 € [0,oo)} is a local basis for M n (R). 
Let a g M n (R). By the Cayley-Hamilton theorem, a is integral over R, hence R[a] 
is a f.g. i?-module. Let J = Jac(i?) • R[a\. Then J < R[a] and it is well known 
that J C Jac(i?[a]). The ring R[a]/J is artinian, hence a + J has an associated 
idemptent e £ Fi(R[a]/J) (i.e. e satisfies conditions (A)-(C) of Lemma 14. 2p . By [2, 
Th. 22], J is idempotent lifting, hence there is e € E(i?[a]) such that e + J = e. Let 
/ = 1 — e. Then a = eae + faf (since R[a] is commutative). Furthermore, eae + J 
is invertible in e(R[a]/ J)s, hence eae is invertible in eR[a]e and in particular in 
eM n (R)e. Next, (faf) k e J C M„(Jac(i?)) = M„(7 ) for some k € N. This means 
(faf) k e M n (I 5 ) for some < S e K, which implies (/a/) m m ^°°> 0. Thus, e 
satisfies conditions (A),(B) and (C) w.r.t. a and we may conclude that M n (R) is 
quasi- 7r-regular for all n E N. □ 

Using the ideas in the proof of Theorem 18.31 we can also obtain: 

Theorem 8.7. Let R be an LT ring and let E : — > A — > B — > C — > be an exact 
sequence of right R-modules such that B is projective and A and B are Hasudorff. 
Endow End(^4) and End(_B) with their standard topologies and End(C) with te and 
let Ie denote the closure of the zero ideal in End(C). Then: 

(i) If End(j4) and End(J3) are first countable and satisfy V € S^to?, then so 
doesEnd(C)/I E . 

(ii) J/End(j4) and End(i?) are quasi-TT -regular, then so does End(C)/i£. 

(hi) If End(^4) and End(-B) are quasi-n -regular and semiperfect, then End(C) 
is semiperfect. 

In light of the previous results, one might wonder under what conditions all right 
f.p. modules over an LT ring are Hausdorff. This is treated in the next section and 
holds, in particular, for right noetherian pro-semiprimary rings and rank-1 complete 
valuation rings. 
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We finish this section by noting that we can take a different approach for complete 
Hausdorff modules. For the following discussion, a right P-module module M is 
called complete if the natural map M — > hm {M/MJ}j^x R is an isomorphism!^ 

Proposition 8.8. (i) Let R be a complete first countable Hausdorff LT ring. Then 
any Hausdorff f.g. right R-module is complete. 

(ii) Let V € ^disc and let R be an LT ring such that R/L has V for all L G Xr. 
Let M be a complete right R-module such that Mj JM is f.p. as a right R/ J -module 
for all J e Ir (e.g. if M is f.p.. or if M is f.g. and R is strictly pro-right- artinian). 
ThenEnd(M) is pro-V w.r.t. rf 1 . If moreover R is semiperfect and M is f.g., then 
End(M) is semiperfect. 

Proof, (i) This is a well-known argument: Let B be a countable local basis of R 
consisting of ideals. Without loss of generality, we may assume B — {J n }%Li with 

Ji 2 Ji 2 Let M be a f.g. Hausdorff R module and let {x\, . . . ,x n } be a 

set of generators of M. Since M is Hausdorff, it is enough to show that any sum 
Si^i m i with m i € MJi converges in M. Indeed, write = Y^j=i x j r ij with 
rn, . . . , ri n € Ji- Then ^i=i r ij converges in R for all j, hence TO » converges 

t0 E"=i Xjrj where r 3 = ~£Zi r v- 

(ii) Throughout, J denotes an open ideal of R. We first note that if M is f.p. 
then there is an exact sequence R n — > R m — > M — > for some n, m € N. Tensoring 
it with R/J we get {R/J) n -> (R/J) rn -> M/MJ -> 0, implying M/J is a f.p. 
i?/J-module. Next, if M is f.g. and R is strictly pro-right-artinian, then M/MJ is 
a f.g. module over R/J which is right artinian, hence M/J is f.p. over R/J. 

Now, since M/MJ is f.p. over R/J, End (M/MJ) satisfies V by Theorem [731 
There is a natural map End(M) — > End(M/MJ) whose kernel is Hom(M, MJ). 
Assign End(M) the standard topology. Then since M is complete, Hom(M, M) = 
ljm {End(M/MJ)}jgi as topological rings and therefore, End(M) is pro-P. 

Finally, assume M is f.g. and R is semiperfect. Then by Proposition 12.21 M 
admits a projective cover P which is easily seen to be finitely generated. Assume 
M = Mi ® • • • ® M t . Then each M, is f.g. and thus has a projective cover Pj. 
Necessarily P = P\ ® ■ ■ ■ ® Pf. By Proposition 12.41 End(Pfj) is semiperfect, hence 
there is a finite upper bound on the cardinality of sets of orthogonal idempotents 
in it. This means t is bounded and hence, End(Af) cannot contain an infinite set of 
orthogonal idempotents. By Lemma l^^W ii) . this implies End(M) is semiperfect. □ 

9. LT Rings With Hausdorff Finitely Presented Modules 

In this section we present sufficient conditions on an LT ring guaranteeing all 
right f.p. modules are Hausdorff (w.r.t. the standard topology). The discussion 
leads to an interesting consequence about noetherian pro-semiprimary rings. 

We begin by noting a famous result that solves the problem for many noetherian 
rings with the Jacobson topology. For proof and details, see [23 Th. 3.5.28]. 

Theorem 9.1. (Jategaonkar-Schelter-Cauchon). Let R be an almost fully 
bounded noetherian ring whose primitive images are artinian (e.g. a noetheorian 
PI ring). Assign R the J&c(R)-adic topology or any stronger linear ring topology. 
Then any f.g. right R-module is Hausdorff. 

Example 9.2. The assumption that all powers of Jac(P) are open in the last 
theorem cannot be dropped: Let R be a Dedekind domain with exactly two prime 
ideals P and Q. Then R is noetherian, almost fully bounded and any primite 
image of R is artinian. Let n6NU {0} and let B = {P rn Q n | m G N}. Assign R 



Completeness can also be defined for non-Hausdorff topological abelian groups; see I31| . 



SEMI-INVARIANT SUBRINGS 



2o 



the unique topology with local basis B. Clearly Jac(i?) fe = P k Q k is open for all 
1 < k < n. However, Jac(i?)™ +1 = P«+ 1 g™+ 1 = r\™ = A pn+1 Q n+1 + P m Q n ) = 
r\™=i( pmin{n+hm} Q n ) = P n+1 Q n , so Jac(i?) n+1 is not closed. In particular, by 
(*) below, R/ Jac(i?)™ +1 is a f.g. non-Hausdorff i?-modulc. 

When considering quasi-7r-regular rings, there is actually no point in taking a 
topology stronger than the Jacobson topology in Theorem 19.11 because for right 
noetherian rings the latter is the largest topology making the ring quasi-7r-regular. 

Proposition 9.3. Let R be an LT semilocal ring and let r be the topology on R. 
Assume R is quasi-Tt -regular w.r.t. t and R/I is semiprimary for all I £ Xr (e.g. 
if R is right noetherian or pro- semiprimary w.r.t. t). Then R is quasi-ir -regular 
w.r.t. the Jacobson topology and the latter contains r. 

Proof. We first note that if R is right noetherian, then for all I € Xr, R/I is 
right noetherian and 7r-regular, hence by Remark 12. 91 R/I is semiprimary. If R is 
pro-semiprimary, then R/I is semiprimary for all / € Ir by Lemma 18.21 

Let Tj ac denote the Jacobson topology and let a €E R. Then a has an associated 
idempotent e w.r.t. r. Let / = 1 — e and observe that Jac(i?) is open by Remark 
ISTLW ii). Then there is n € N such that (faf) n € Jac(i?) and it follows that 
(f a f) n "^°°> w.r.t. Tj ac . Therefore, e is the associated idempotent of a w.r.t. 
Tiac hence R is quasi- 7r-regular provided we can verify rj ac is Hausdorff. This holds 
since rj ac D r, by the proof of Corollary 15.171 (which still works under our weaker 
assumptions) . □ 

Stronger linear topologies are "better" since they have more Hausdorff modules. 
Note that the topology of an arbitrary qausi-TToo-regular ring can be stronger than 
the Jacobson topology. For example, take any non-semiprimary perfect ring R with 
P|„ eN Jac(i?) = {0} (e.g. R = Q[xi,x 2 ,x 3 ,... \ x 2 m = x n x m = Vn > 2m}) and give 
it the discrete topology. 

The next result will rely on following observation: 
(*) Let R be an LT ring. If M is a right i?-module and N is a submodule, then 
N/N = N/N. In particular, M/N is Hausdorff if and only if N is closed. 

Indeed, N/N = ft JeXR {M/N)J = ft JeXR {MJ+M)/N = (C\ JeXR (MJ+M))/N = 
N/N. We will also need the following theorem. For proof, see §7.4]. 

Theorem 9.4. Let be an I-indexed inverse system of non-empty sets. 

Assume that for each i E I we are given a family of subsets Ti C P(Xi) such that 
for all i < j in I we have: 

(a) Xi £ Ti and Ti is closed under (arbitrary large) intersection. 

(b) Finite Intersection Property: If L C. Ti is such that the intersection of 
finitely many of the elements of L is non-empty, then C\ AeL A =/= (ft. 

(c) For all A e Tj, (A) eT t . 

(d) For allxe X u f^(x) G Tj. 

Then hni {Xj\i^i is non-emvtuW\ 

Lemma 9.5. Let R be a ring and let M be a right R-module. Let {Mi}i e i be a 
family of submodules of M and let {xi}i^i be elements of M. Then (^\ i£l (xi + Mi) 
is either empty or a coset o/p| ig/ Mj. 

Proof. This is straightforward. □ 



This can be compared to the following topological fact: An inverse limit of an inverse system 
of non-empty Hausdorff compact topological spaces is non-empty and compact. 
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Theorem 9.6. Let R be strictly pro-right- artinian. Then any f.g. submodule of a 
Hausdorff right R-module is closed. 

Proof. Let B be a local basis of ideals such that R/J is right artinian for all J € B. 
Assume M is a Hausdorff right i?-module, let mi, . . . , m& g M and iV = Xa=i m iR- 
We will show that m £ N implies m £ N. 
Let m £ N. For every J £ B define 

Xj = |(ai,...,a fc ) e (R/J) k : ^(m t + M J)a, = m + ill jj . 

Observe that m £ N = f] } eB {N + M J) , hence for all J G S there are &i G i? 

and 2 G MJ such that ^ TOi&j = m + z, implying .Xj 7^ 0. For all J C J in B, let 
//j denote the map from (R/J) k to (R/I) k given by sending (61 + J, . . . , bk + J) to 
(61 +/,... , bk + /)• Then fu(Xj) C X/. It easy to check that {-X/, fij\x.j} is an 
inverse system of sets. 

For all J £ B, define Tj to be the set consisting of the empty set together 
with all cosets of (right) i?-submodules of (R/J) k contained in Xj. We claim that 
conditions (a)-(d) of Theorem 19.41 hold. Indeed, Xj is easily seen to be a coset of 
a submodule of (R/J) k , thus Xj £ Tj. In addition, by Lemma [9.51 Tj is closed 
under intersection, so (a) holds. Since R/J is right artinian, so is (R/J) k (as a right 
i?-module). Lemma [9.51 then implies that cosets of submodules of (R/J) k satisfy 
the DCC, hence (b) holds. Conditions (c) and (d) are straightforward. Therefore, 
we may apply Theorem 19.41 to deduce that ^m Xj is non-empty. 

Let x £ ]im\Xj\j£i3- Then x consists of tuples {{a[ J \ . . . ,a^) £ (R/ J) k }j e B 
that are compatible with the maps {fij}. As R is complete, there are b±, . . . , bk € R 
such that af ^ = bi + J for all 1 < i < k and J £ B. It follows that m — J2i m i^i S 
P|j g g MJ. As M is Hausdorff, the right-hand side is {0}, so m = G N. □ 

Remark 9.7. Theorem 19.61 and its consequences actually hold for the larger class 
of strictly pro-right- finitely- cogenerated rings. A module M over a ring R is called 
finitely cogenerated 1 ^ (abbrev.: f.cog.) if its submodules satisfy the Finite Inter- 
section Property (condition (b) in Theorem I9.4[) . This is equivalent to soc(M) 
being f.g. and essential in M (see [HI Pr. 19.1]). A ring R called right f.cog. if 
Rr is finitely cogenerated. (For example, any right pseudo-Frobeniuos ring is right 
f.cog.) Among the examples of strictly pro-right- finitely- cogenerated rings are com- 
plete rank-1 valuation rings. Indeed, if v : R — > R is an (additive) valuation, and 
R is complete w.r.t. u, then R = ]^m{R/{x £ R\v(x) > n}} n£ ^. For a detailed 
discussion about f.cog. modules and rings, see and [TBI §19] - 

Notice that a complete semilocal ring is strictly pro-right-artinian if and only 
if its Jacobson radical is f.g. as a right module. The latter condition is commonly 
used when studying complete semilocal rings (e.g. |24) ) . In particular, Hinohara 
proved Theorem 19. 61 for complete semilocal rings satisfying it ( [161 Lm. 3]). (Other 
authors usually assume the ring is right noetherian.) By (*) we now get: 

Corollary 9.8. Let R be a strictly pro-right-artinian ring. Then any f.p. right 
R-module is Hausdorff. 

We can now prove that under mild assumptions, strictly pro-right-artinian rings 
are complete semilocal. 



Other names used in the literature are "co-finitely generated", "finitely embedded" or 
"essentially artinian" . 
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Corollary 9.9. Let R be a strictly pro-right- artinian ring. If J C Jac(i?) is an 
ideal that is f.g. as a right ideal, then R is complete in the J-adic topology (i.e. 
R = hm {R/ J"} n gN )■ If moreover R/J is right artinian, then the topology on R 
is the Jacobson topology! In particular, if Jac(i?) is f.g. as a right ideal, then the 
topology on R is the Jacobson topology and R is complete semilocal. 

Proof. Let B be a local basis of ideals of R such that R/I is right artinian for all 
I £ B. We identify R with its natural copy in Il/eB R/I- Since J is f.g. as a right 
ideal, then so are its powers. Therefore, by Theorem l9.6[ J n is closed for all neN. 

Let ip denote the standard map from R to hm { Rj J"} K gw- Define a map ip : 
hjn{i?/J™}„ e N — > R as follows: Let r £ Urn {R/ J n } n eN and let r n denote the 
image of r in R/J n . By Corollary 15 .171 for all I £ B, there is n £ N (depending on 
I) such that J™ C I. Let rj denote the image of r„ in It is easy to check that 
n is independent of n and that r :— (rj)/ e B € i?. Define ^(r) = r. 

It is straightforward to check that ip o ip — id. Therefore, we are done if we show 
that i/j is injective. Let y £ ker-0 and let y„ + J" be the image of y in Rj J n . Then 
for all I £ B, J n <£ I implies y n £ I. This means y„ £ n,/'>c/ej3^ = ^" = so 
y„ + J" = + J™ for all neN, hence y = 0. 

Now assume i?/J is right artinian. Then Jac(i?) fc C J C Jac(i?) for some k £ N, 
hence the Jacobson topology and the J-adic topology coincide. By Proposition [921 
the topology on R is contained in the Jacobson topology, so we only need to show 
the converse. Let n £ N. It is enough to show that J™ is open. Indeed, since Jr 
is f.g., then so is (J7</ m ) fl (i > 0). As (R/J) R has finite length, (J' l /J' l+1 ) R has 
finite length. Thus, (R/J n )u have finite length as well. Since J n is closed, J™ is 
an intersection of open ideals. As (R/J n )u is of finite length, J n is the intersection 
of finitely many of those ideals, hence open. □ 



Corollary 9.10. Let R be a right noetherian pro-n -regular ring. Then the topology 
on R is the Jacobson topology, R is strictly pro-right- artinian w.r.t. it and any right 
ideal of R is closed. In particular, R is semilocal complete. 

Proof. By Lemma [8.21 R/I is 7r-regular for all / £ In, hence Remark 12.91 implies 
R/I is right artinian for all I £ Ir (since R/I is right noetherian). Therefore, 
R is pro-right-artinian, with Jac(i?)# finitely generated. Now apply the previous 
corollary. □ 

The next example demonstrates that Theorem 19.61 fails for pro-artinian rings 
(and in particular for pro-semiprimary rings). It also implies that there are pro- 
artinian rings that are not strictly pro-right-artinian. 

Example 9.11. Let S = Q(x)[t\t 3 = 0]. For all n £ N define R n = Q(x 2 ") + 
Q(x)t + Q(x)t 2 C S and /„ = Q(x 2n )t 2 C S. Then R n is an artinian ring and 
In < Rn ■ For n <m define a map f nm : R m / I m -> R n /I n by fnm (x + I m ) = x + I n . 
Then {R n /I n , f nm } is an inverse system of artinian rings. Let R = Um {i? n //„}„ e N. 
Then R can be identified with Q + Q(x)t + Vt 2 where V is the Q-vector space 
hm{Q(x)/Q(a; 2 )} n eN (R does not embed in S). Observe that Q(x) is dense in 
V, but Q(x) 7^ V since V is not countable (it contains a copy of all power series 
J2a„x 2 " £ Q[[x]}). Therefore, the ideal tR = Qt + Q{x)t 2 is not closed in R and 
by (*), R/tR is a non-Hausdorff f.p. module. We also note that Jac(i?) 2 = Q(x)t 2 
is not closed (but Jac(i?) must be closed by Proposition 15 . 1 1 [) . 

We conclude by specializing the results of the previous section to first count- 
able strictly pro-right-artinian rings. (We are guaranteed that all f.p. modules are 
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Hausdorff in this case) . By Corollary 19.101 this family include all right noether- 
ian pro-semiprimary rings. More general statements can be obtained by applying 
Remark E3 

Corollary 9.12. (i) Let R be a first countable pro-right- artinian ring and let M 
be a f.p. right R-module. Then End(Aff?) is pro-semiprimary and first countable 
(w.r.t. rf 1 ). If R is semiperfect (e.g. if R is right noetherian), then End(Mfl) is 
semiperfect. 

(ii) Let S be a commutative first countable pro-right- artinian ring and let R be 
an S -algebra s.t. R is f.p. as an S -module. Then R is pro-semiprimary (w.r.t. some 
topology). If S is semiperfect (e.g. if S is right noetherian), then R is semiperfect. 

10. Further Remarks 

It is likely that the theory of semi-invariant subrings developed in section [5] 
can be extended to right linearly topologized rings, i.e. topological rings having a 
local basis consisting of right ideals. This actually has the following remarkable 
implication (compare with Corollary 17.41 and Corollary [53]): 

Conjecture 10.1. Let S G JzfS^ be a semiperfect quasi-'K oa -regular ring and let 
ip : S R be a ring homomorphism. Assume that: 

(a) When considered as a right S-module via tp, R is f.p. and Hausdorff. 

(b) For all r £ R and I G 2s, there is J G Is such that R(p(J)r C Rip(I)^ 
Then R is semiperfect and quasi-ir oo -regular (w.r.t. some topology). 

The proof should be as follows: For any right S'-module M, let W denote the 
ring of continuous Z-homomorphisms from M to itself. Then W can be made into 
a right LT ring by taking {B( J) | J G Is} as a local basis where B( J) = {/ G 
W : im/ C M J} (this is the topology of uniform convergence) Fl Clearly W 
contains End(Mg) as a topological ring (endow End(Ms) with r* f ). Now take 
AI = R (where R is viewed as a right S'-module via if) . Then condition (a) implies 
End(i?s) is semiperfect and quasi- Tr^-regular w.r.t. f Theorem 18. 3| . Condition 
(b) implies that for all r G R, the map r : x H ► xr from R to itself is continuous 
and hence lie in W. Since we assume the results of section [5] extend to right LT 
rings, R = End(i?r?) = Cent End ( fls )({r | r G R}) is a T-semi-invariant subring of 
End(i?s), so R is semiperfect and quasi- Tr^-regular. 

Examples of rings satisfying conditions (a) and (b) can be produced by taking 
R to be: (1) a twisted group algebra S a G where G is a finite group and a : 
G — > Aut c (G) is a group homomorphism or (2) a "crossed product", i.e. R = 
CrossProd(S', tp, G) where S is commutative, G is finite and act on S via continuous 
automorphisms and ip G H 2 (G, S x ). (Further examples can be produced by taking 
quotients). However, we can show directly that the conjecture holds in these special 
cases. Indeed, that G is finite implies B = {Clg^cd^) I ^ e ^ s a l° ca l basis of 
S and we have RJ C JR for all J G B. For any right i?-module M let W = {/ G 
W : f{MJ) C Mjyj G B} (with W as in the previous paragraph). Then W is 
a linearly topologized ring w.r.t. the topology induced from W (as seen by taking 
the local basis {W fl B( J) \ J G B}). In addition, when M = Rs, r of the previous 
paragraph lies in W' (since RJ C JR for all J G B). Therefore, repeating the 
argument of the last paragraph with W instead of W, we get that R is semiperfect 
and quasi- TToo-regular. 

^ This equivalent to saying that the topology on R spanned by cosets of the left ideals 
{Rip(I) | / S Xg} is a ring topology; see |31l §3]. 

Caution: Not any filter base of right ideals gives rise to a ring topology. By 1311 §3], we 
need to check that for all / G W and / g Xg there is J £ X$ such that /B(J) C B(/). Indeed, we 
can take any J with f(MJ) C MI and such J exists since / is continuous. 
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The author could not find nor contradict the existence of the following: 

(1) A pro-semiprimary ring that is not complete semilocal (i.e. complete w.r.t. 
its Jacobson topology). 

(2) A complete semilocal ring, endowed with the Jacobson topology, with a 
non-Hausdorff f.p. module. 

11. Appendix: When Dot/',^,... Coincide? 

This appendix is dedicated to the question of when the topology obtained from 
a resolution is the standard topology. For that purpose we briefly recall the Artin- 
Rees property for ideals. For details and proofs, see [351 §3.5D]. 

Let R be a right noetherian ring. An ideal J< R is said to satisfy the Artin-Rees 
property (abbreviated: AR-property) if for any right ideal A < R there is n G N 
such that I n f]A C AI. This is well known to imply that for any f.g. right i?-module 
M and a submodule N, there is n G N such that MI n n N C NI. For example, 
by [25j p. 462, Ex. 19], every polycentral ideal (e.g. an ideal generated by central 
elements) satisfies the AR-property. In addition, if R is almost bounded (e.g. a PI 
ring), then all ideals of R are satisfy the AR-property. 

Now let R be any LT ring. A right i?-module M is said to satisfy the topological 
Artin-Rees property (abbreviated: TAR-property) if for any submodule N C M 
and any I G Ir there is J £ Ir such that MJ n N C NI. (Equivalently, the 
induced topology and the standard topology coincide for any submodule of M.) 
For example, if R is right noetherian, J < R and R is given the J-adic topology, 
then all f.g. right i?-modules satisfy the TAR-property if and only if J satisfies the 
AR-property. 

Proposition 11.1. Let R be an LT ring, let M be a right R-module and let P : 
P n _i P{) — > P_i = M — > be a projective resolution of M . Assume 

that that Pq, ■ ■ ■ , P n -i have the TAR-property. Then Tp is the natural topology on 
End(M). 

Proof. Denote by di the map Pi — > P,_i and let Bi = kerdi. We will prove 
that for all I G X R there is J e 1 R such that Hom(M,MJ) C B(J,P). Given 
I G Ir we define a sequence of open ideals I n -t, I n -2, ■ ■ • ,1-1 as follows: Let 
I n -i — I. Given Ii, take to be an open ideal such that Pj_i/j_i n Bj-i C 
£?j_ilj and 7j_i C (the existence of Jj_i follows from the TAR-property). We 
claim that Hom(M, Mi_i) C B(I,P). To see this, let /_ x G Hom(M,M/_i) and 
assume we have constructed maps fa G Hom(Pi, Ptlt) for all — 1 < i < k such that 
difi = fi-idi. Then it is enough to show there is fk G Hom(Pfe,Pfc/fc) such that 
rffe/fc = fk-idk- The argument to follow is illustrated in the following diagram: 

-Oc »- i>fc-i ^ ns-i >■ • • ■ 

: fk— 1 fh—1 

\fk n fin 1 >■ Pk~iik~i 

■ o 

Pfc^fe *■ Bk-ilk 

That dk-ifk-l = fk-2dk-i implies fk-i(B k -i) C As im/ fe _i C P fc _ 1 7 /s _ l! 

we get that f k -i(B k -i) C P k _ 1 I k _ 1 n B fe _i C B k _xh (by the definition of 4-0- 
Since the map Pfc/fc — > B^-xh is onto (because im(<ifc) = B k -i), we can lift fk-idk ■ 
Pk — > Bk-ilk to module homomorphism : P^ — > P k Ik, as required. □ 
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Remark 11.2. The proof still works if we replace the assumption that P n -\ is 
projective with d n -% is injective. 

Corollary 11.3. Let R be an LT right noetherian ring admitting local basis of 
ideals B such that: (1) all ideals in B have the AR-property (e.g. if all ideals in B 
are generated by central elements or if R is PI) and (2) all powers of ideals in B 
are open. Then t^ 1 = t% = . . . for any f.g. right R-module M . 

Proof. Let n £ N. Since R is right noetherian, any f.g. i?-module admits a resolution 
of length n consisting of f.g. projective modules. The assumptions (1) and (2) are 
easily seen to imply that any f.g. i?-module satisfies the TAR-property. Therefore, 
by ProDQsition lll.il r*f is the natural topology on End(M). □ 

Example 11.4. Condition (2) in Corollary 111.31 is essential even when all ideals 
of R have the AR-property: Assign Z the unique topology with local basis B = 
{2-3™Z | n > 0} and let M = Z/4xZ/2. Since MI = 2M for all I e B, the standard 
topology on End(M) is obtained from the local basis {Hom(Af, 2M )}. (M is not 
Hausdorff). Let / = 2Z € B and consider the projective resolution 

P : 4Zx2ZhZxZ^M^0. 

Define /_i : M MI = 2M by f(x + AZ,y + 2Z) = (2y + 4Z, 0). Then any lifting 
f e End(Z x Z) of /_i must satisfy / (0, 1) = (4x + 2,2y) for some x,y e Z. 
This means that any lifting f\ £ End(4Z x 2Z) of /o (there is only one such 
lifting) satisfies /i(0,2) = (8a; + 4,4y) ^ 8Z x 4Z = (4Z x 2Z)I. Therefore, fx $ 
Hom(4Z x 2Z, (4Z x 2Z)J), implying /_ x ^ B(P, /). But this means that B(P, /) C 
Hom(M, 2M), hence r 2 M ^ jf . 
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